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Development of Meshless Method for Multiphase Flow Simulations includ-
ing Phase Change and Fluid Structure Interaction

Abstract:

The numerical simulation of multiphase flows involving sharp interfaces, phase change,
buoyancy effects, and fluid structure interaction (FSI) is widely identified as a major chal-
lenge in computational fluid dynamics. Such problems involve large density and viscosity
contrasts, moving and deforming boundaries, strong variations in thermophysical properties,
and complex interfacial phenomena. This thesis presents the development of an advanced
Lagrangian meshless computational framework based on Lagrangian Differencing Dynam-
ics (LDD) for multiphase flows, including phase change and fluid-structure interaction. The
central contribution is the development of a weakly coupled FSI solver using a modal super-
position approach. Structural dynamics are solved in reduced-order form using precomputed
mode shapes and natural frequencies, while loads are obtained directly from the LDD flow
solver. The fully Lagrangian–Lagrangian coupling enables direct use of structural surface
meshes as fluid boundaries, eliminating conventional mesh-to-mesh mapping procedures.
Then, the extension of LDD into a Multiphase Lagrangian Differencing Dynamics (MP-
LDD) framework that preserves sharp interfaces without density or viscosity diffusion while
maintaining second-order spatial consistency. Interface sharpness is maintained through sys-
tematic point-cloud regularization, preventing spurious phase mixing. Surface tension and
dynamic contact angle models are incorporated to capture interfacial physics accurately. To
model thermally driven multiphase flows, an Implicit Phase-Coupled Energy formulation
is developed to ensure stable coupling between temperature evolution and phase-fraction
dynamics. A Hierarchical Buoyancy Modelling Framework provides consistent treatment
of buoyancy across varying density regimes. Phase change processes are modelled using
an enthalpy-based formulation with thermodynamically consistent phase-fraction evaluation
and vapour-pressure equilibrium enforcement. Extensive validation using benchmark prob-
lems demonstrates accurate resolution of moving interfaces, steep thermal gradients, strong
property contrasts, and coupled structural response without numerical diffusion or spurious
oscillations. Overall, this work establishes MP-LDD as a unified, robust multiphase meshless
framework for thermal-fluid and fluid structure interaction applications.

Keywords:
Meshless method, Mode superposition, FSI, Multiphase flow, Variable density & viscosity,
Surface Tension, Dynamic contact angle, Heat transfer, Buoyancy and Phase change
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Razvoj bezmrežne metode za simulacije višefaznog toka uključujući prom-
jenu faze i interakciju fluida i strukture

Sažetak:

Numerička simulacija višefaznih tokova s oštrim med̄upovršinama, promjenom faze, uz-
gonskim efektima i interakcijom fluida i konstrukcije (FSI) ostaje jedan od najzahtjevni-
jih izazova u računalnoj dinamici fluida. Takvi problemi uključuju velike razlike u gus-
toći i viskoznosti, pomične i deformabilne granice, snažne varijacije termofizikalnih svojs-
tava te složene med̄upovršinske pojave. Ova disertacija predstavlja razvoj naprednog La-
grangeovog bezmrežnog računalnog okvira temeljenog na Lagrangeovoj diferencijalnoj di-
namici (LDD) za višefazne tokove, uključujući promjenu faze i interakciju fluida i kon-
strukcije. Središnji doprinos je razvoj slabo spregnutog FSI rješavača korištenjem pris-
tupa modalne superpozicije. Strukturna dinamika rješava se u obliku reduciranog reda ko-
rištenjem unaprijed izračunatih oblika oscilacija i prirodnih frekvencija, dok se opterećenja
dobivaju izravno iz LDD rješavača toka. Potpuno Lagrangeovo–Lagrangeovo sprezanje
omogućuje izravnu upotrebu površinskih mreža konstrukcije kao granica fluida, eliminira-
jući uobičajene postupke preslikavanja izmed̄u mreža. Zatim se LDD proširuje u okvir Više-
fazne Lagrangeove diferencijalne dinamike (MP-LDD) koji čuva oštrine med̄upovršina bez
difuzije gustoće ili viskoznosti uz zadržavanje prostorne konzistentnosti drugog reda. Ošt-
rina med̄upovršine održava se sustavnom regularizacijom oblaka točaka, sprječavajući lažno
miješanje faza. Modeli površinske napetosti i dinamičkog kontaktnog kuta uključeni su radi
točnog opisivanja med̄upovršinske fizike. Za modeliranje termički pobud̄enih višefaznih
tokova razvija se implicitna fazno-spregnuta energetska formulacija kojom se osigurava sta-
bilno sprezanje izmed̄u evolucije temperature i dinamike udjela faze. Hijerarhijski okvir
za modeliranje uzgona omogućuje dosljednu obradu uzgona u različitim režimima gustoće.
Procesi promjene faze modelirani su entalopijskom formulacijom s termodinamički konzis-
tentnom procjenom udjela faze i enforcing ravnoteže tlaka pare. Opsežna validacija na refer-
entnim problemima pokazuje točno razrješavanje pomičnih med̄upovršina, strmih toplinskih
gradijenata, snažnih razlika u svojstvima te spregnutog strukturnog odziva bez numeričke di-
fuzije ili lažnih oscilacija. Sveukupno, ovim radom MP-LDD se uspostavlja kao jedinstveni,
robusni višefazni bezmrežni okvir za primjene u termofluidnoj dinamici i interakciji fluida i
konstrukcije.

Ključne riječi:
Bezmrežna metoda, modalna superpozicija, FSI, višefazni tok, promjenjiva gustoća i viskoznost,
površinska napetost, dinamički kontaktni kut, prijenos topline, uzgon i promjena faze
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ẏt Velocity at current time step
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1 INTRODUCTION

Multiphysics problems involving multiphase flow, phase change, and Fluid Structure Inter-
action (FSI) are central to a wide range of naturally occurring processes and engineered
technologies. These processes govern the behavior of many industrial systems, including
automotive, energy conversion devices, thermal management systems, manufacturing pro-
cesses, environmental flows, marine, space and biomedical applications. The interaction
between multiple phases, thermal effects, and deformable or moving structures results in
complex flow behaviour that directly impacts system efficiency, reliability, and safety. As
a result, understanding and modelling these coupled phenomena has become an important
research topic in computational science and engineering [1, 2].

1.1 Multiphase flow

Multiphase flow involves the simultaneous movement of different phases, such as liquids,
gases, and solids, or immiscible fluids within a shared system. This phenomenon is fun-
damental and has significant implications across various industries and scientific fields. The
dynamics of multiphase flows can be observed in many technological applications, including
oil and gas extraction, chemical processing, environmental science, nuclear reactor cooling,
and biomedical engineering. The behavior of these flows often determines the efficiency,
safety, and overall success of the processes involved, making it essential to understand and
accurately model their underlying mechanisms. The distinct physical attributes of each phase
such as density, viscosity, and compressibility add complexity to multiphase flow modeling,
especially as these phases interact with one another at their interfaces. The evolution of these
interfaces is influenced by factors like surface tension, buoyancy forces, shear stresses, and
other interfacial phenomena. These interactions can result in intricate behaviors, including
droplet formation, bubble breakup, and particle aggregation. As a result of these complex-
ities, multiphase flows can exhibit a wide range of behaviors, from stable stratified flows
to highly chaotic and turbulent regimes. Therefore, effectively modeling multiphase flows
is not only a significant scientific challenge, but it is also crucial for optimizing industrial
applications, ensuring environmental safety, and advancing scientific research. The diversity
of flow regimes in gas-liquid systems is illustrated in Figure 1.1 , which shows the transi-
tion between different flow types as liquid and gas velocities vary. Each regime represents a
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Figure 1.1. Diversity of flow regimes in gas-liquid systems.

unique arrangement and interaction of the phases, highlighting the complexity and richness
of multiphase flow behavior.

One of the distinctive challenges in computational modeling of multiphase flows lies in
the diverse range of flow regimes that can arise, depending on the relative velocities, proper-
ties, and orientations of the phases involved. In gas-liquid flows, for instance, these regimes
include bubbly, slug, annular, stratified, and stratified wavy flows, each with distinct char-
acteristics. Bubbly flow features dispersed gas bubbles within a continuous liquid phase,
commonly seen in low-velocity gas streams. With an increase in gas velocity, discrete bub-
bles tend to merge, forming elongated gas pockets interspersed with liquid segments, thereby
establishing the slug flow regime. In annular flow, typically observed at higher gas veloci-
ties, a thin liquid film surrounds a continuous gas core. Stratified flow is characterized by
a separated, layered arrangement of gas and liquid phases, while stratified wavy flow oc-
curs when surface waves form at the interface due to higher relative velocities between the
phases. These regimes are not only visually distinctive but also impact pressure drop, flow
stability, and heat and mass transfer rates, which are critical factors in engineering design
and operation.
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1.2 Phase change

Phase change involves the transformation of matter between different thermodynamic states,
such as melting, solidification, evaporation, and condensation. These processes are com-
monly encountered in thermal energy storage, electronic cooling, metal casting, additive
manufacturing, refrigeration, and boiling heat transfer applications. Phase change intro-
duces strong coupling between flow dynamics and heat transfer through latent heat effects
and moving phase boundaries [3, 4]. The presence of phase change significantly alters the
flow behavior by modifying local material properties and energy transport mechanisms. For
example, melting and solidification processes influence fluid motion through density vari-
ations and thermal gradients, while boiling and condensation involve complex interactions
between vapor generation, interface dynamics, and heat transfer. Accurately capturing phase
change phenomena is therefore critical for predicting thermal performance, structural in-
tegrity, and overall system behavior in many engineering applications [5].

Understanding and accurately modeling phase change is essential for optimizing the per-
formance of thermal systems, such as heat exchangers, refrigeration cycles, power genera-
tion systems, and materials processing equipment.The complexity of phase change modeling
arises from several factors. First, the interface between phases is inherently unsteady and can
undergo rapid morphological changes. Second, the phase transition process is governed by
coupled heat and mass transfer mechanisms, which require simultaneous solution of energy
and momentum equations. Third, interfacial phenomena such as surface tension, contact an-
gle dynamics, and nucleation play significant roles in determining the phase change behavior.
In boiling processes, for example, bubble nucleation, growth, and detachment from heated
surfaces are controlled by a delicate balance between thermal driving forces, surface tension
effects, and hydrodynamic forces. Similarly, in condensation, the formation and removal of
liquid films or droplets on cold surfaces significantly affect heat transfer rates. These in-
terfacial dynamics are further complicated by the presence of non-condensable gases, flow
patterns, and surface properties.

1.3 Fluid Structure Interaction (FSI)

Fluid structure interaction describes the mutual coupling between fluid flow and structural
motion or deformation. In many practical systems, the fluid exerts forces on solid structures,
causing deformation or motion, which in turn modifies the surrounding flow field. This two-
way coupling is particularly important in applications involving flexible structures, large
deformations, or transient loading, such as sloshing tanks, coating processes, aeroelasticity,
biomedical devices, and thermal expansion due to phase change [6]. When fluid–structure
interaction occurs in multiphase environments, the problem becomes even more complex as a
result of the combined influence of interface motion, phase change, and structural response.
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For example, dip coating, icing, and gearbox lubrication involve simultaneous interaction
between multiple fluid phases and solid components under dynamic conditions. Understand-
ing FSI in such multiphase systems is essential for predicting load transfer, material wear,
coating uniformity, and structural durability [7].

1.4 Motivation and Open Challenges

Multiphase flows, characterized by the simultaneous presence and interaction of multiple
fluid or solid phases, are fundamental to numerous engineering and scientific applications, in-
cluding thermal management systems, energy conversion devices, material processing, icing
and melting phenomena, and fluid-structure interaction problems. The accurate numerical
simulation of such flows remains challenging due to the presence of moving and deforming
interfaces, large contrasts in density and viscosity, interfacial forces such as surface tension,
and strong coupling between hydrodynamic, thermal, and structural effects. These complex-
ities motivate continued research into numerical methods that can reliably and accurately
capture multiphase dynamics across different physical regimes. Conventional grid based
methods, such as the Volume of Fluid (VOF), Level Set, and Front Tracking approaches, have
been extensively applied to computational modeling of multiphase flows. While these meth-
ods are well established, they often encounter limitations related to numerical diffusion of
interfaces, mass conservation errors, spurious currents associated with surface tension mod-
elling, and reduced robustness in the presence of high density and viscosity ratios. Moreover,
their application to problems involving large deformations, complex geometries, or moving
and deforming boundaries frequently requires sophisticated mesh motion or remeshing tech-
niques, which increase algorithmic complexity and computational cost.

Meshless and particle-based methods provide an alternative framework that avoids ex-
plicit mesh connectivity and is therefore well suited for problems involving large interface
motion, topological changes, and strong coupling with solid structures. Methods such as
Smoothed Particle Hydrodynamics (SPH) and related particle formulations have demon-
strated advantages in handling free-surface and multiphase flows. However, these approaches
often suffer from numerical instability, pressure noise, excessive dissipation, and difficulties
in maintaining sharp and physically consistent interfaces, particularly for flows with large
density ratios or strong interfacial forces. The accurate and stable incorporation of surface
tension and dynamic contact angle models remains a persistent challenge in this class of
methods.

The modeling of phase change further increases the complexity of multiphase simula-
tions. Phase transition processes involve latent heat effects and strong coupling between the
energy equation and the phase distribution, leading to stiff source terms and rapidly evolving
interfaces. Many existing numerical approaches rely on explicit interface tracking or sim-
plified phase change models, which can compromise numerical stability, conservation prop-
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erties, or physical consistency. Achieving a robust and efficient treatment of phase change
within a multiphase framework remains an open research problem.

Fluid structure interaction problems introduce additional challenges due to the mutual
coupling between fluid motion, interfacial dynamics, and structural deformation. Ensuring
stable and accurate momentum and energy transfer across fluid–fluid and fluid–structure
interfaces is particularly difficult in the presence of large density contrasts, strong added-
mass effects, and evolving contact conditions. A unified formulation capable of handling
multiphase flow, phase change, and FSI in a consistent manner is still largely lacking.

In addition to physical and numerical challenges, computational efficiency and scala-
bility are critical considerations for practical applications. High-fidelity multiphase simula-
tions often involve a large number of degrees of freedom and require efficient parallelization
strategies to exploit modern high-performance computing architectures, including Graphical
Processing Units (GPU). Developing numerical methods that combine robustness, accuracy,
and computational efficiency therefore, remains an important open challenge.

In summary, there is a clear need for advanced numerical methodologies that can ac-
curately capture sharp interfaces, handle large density and viscosity ratios, robustly model
surface tension, wetting, and phase change phenomena, and consistently couple fluid and
structural dynamics, while remaining accurate and computationally efficient. Addressing
these challenges forms the primary motivation for the present thesis and underpins the de-
velopment of the proposed numerical framework.

1.5 Scope of work and application

1.5.1 Research Objectives

While significant progress has been made in numerical methods for multiphase flows, phase
change, and FSI individually, challenges remain when these phenomena are coupled or when
complex interfacial dynamics are involved:

1. Multiphase Flow Challenges: Traditional mesh based methods face difficulties in
capturing sharp interfaces, especially in flows with high density ratios. Interface diffu-
sion, spurious currents near interfaces remain ongoing challenges. Additionally, han-
dling complex topological changes such as droplet breakup and coalescence requires
sophisticated interface tracking or capturing techniques.

2. Phase Change Modeling: Accurate simulation of phase change phenomena requires
resolving fine scale interfacial physics while simultaneously solving macroscopic flow
and heat transfer. The moving interface, discontinuous material properties, and latent
heat effects introduce numerical difficulties. Furthermore, incorporating contact angle
dynamics and surface tension models adds additional complexity.
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3. FSI: Traditional FSI simulations, especially those involving strongly coupled systems,
are computationally expensive. The need for repeated mesh generation or complex
mapping procedures between fluid and structural domains further increases the com-
putational burden. For problems involving complex geometries or large structural dis-
placements, efficient coupling strategies are essential.

4. Unified Framework: There is a need for a unified computational framework that
can handle all three phenomena—multiphase flow, phase change, and FSI within a
consistent numerical approach. Such a framework would enable the simulation of
realistic engineering problems where these phenomena occur simultaneously.

The primary objective of this research is to develop and validate an advanced La-
grangian meshless computational framework capable of simulating complex multiphysics
problems involving multiphase flows with sharp interfaces, phase change phenomena, and
fluid-structure interactions. Specific objectives include:

1. Implement an efficient weakly coupled FSI solver using modal superposition tech-
niques that leverages the Lagrangian nature of Lagrangian Differencing Dynamics
(LDD) to achieve direct coupling without mesh mapping procedures.

2. Extend the LDD method to Multiphase Lagrangian Differencing Dynamics (MP-LDD)
to handle multiphase flows with high density and viscosity ratios while maintaining
sharp interfaces without numerical diffusion.

3. Develop and implement models for surface tension effects, and dynamic contact angle
behaviour in the MP-LDD framework

4. Implementation of Implicit heat formation and Hierarchical Buoyancy Modelling
Framework (HBMF) in the MP-LDD framework

5. Develop a phase change module within the MP-LDD framework to simulate boiling,
condensation, and melting processes, incorporating interfacial phenomena such as sur-
face tension and dynamic contact angles.

6. Validate each developed capability through comprehensive benchmark cases and,
where possible, comparison with experimental data.

7. Demonstrate the applicability of the integrated framework to realistic engineering
problems involving coupled multiphysics phenomena.

1.5.2 Hypotheses

H1: The integration of a two-way weakly-coupled modal solver with LDD enables efficient
fluid-structure interaction (FSI)
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H2: The variable Laplacian with second-order consistency and improved position-based
dynamics accurately describes the sharp and precise interface modelling in LDD, resulting
in accurate modelling of multiphase.

H3: Enthalpy-based phase change scheme in LDD enables the modeling of condensation
and evaporation at the interfaces, including the latent heat during phase transitions

1.5.3 Scientific Contributions

1. The development of the integration method of the weakly coupled modal solver based
on the superposition of modes using the Lagrangian Differentiating Dynamics (LDD)
method

2. Extending the Lagrangian Differencing Dynamics (LDD) method into a novel Multi-
phase Lagrangian Differencing Dynamics (MP-LDD) with sharp interfaces and inter-
face dynamics, without density and viscosity diffusion at the interfaces.

3. Development of a robust enthalpy-based phase model that provides accurate phase
transitions (melting, solidification, evaporation) while maintaining numerical stability
and computational efficiency.

1.5.4 Applications

The MP-LDD framework is designed to address a wide range of industrial, environmental,
and scientific applications where multiphase flow and phase interactions are critical. Key
applications include:

• Spray Coating and Paintshop Processes: Modeling of droplet formation, surface
tension effects, dynamic wetting, and dip coating processes to improve uniformity and
quality in automotive, aerospace, and electronics manufacturing.

• Environmental and Underwater Engineering: Simulation of sediment transport, oil
spill dispersion, and multiphase wave interactions for environmental assessment and
underwater engineering applications.

• Droplet Manipulation and Injection Systems: Simulation of droplet dynamics un-
der surface tension, acoustic, electric, magnetic, and thermocapillary forces for appli-
cations in microfluidics, space, and precision fluid delivery systems.

• Hydrogen Production and Storage: Simulation of bubble dynamics and phase inter-
faces in water electrolysis, steam reforming, and hydrogen storage systems to optimize
efficiency and ensure safe operation.
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• Gearbox Lubrication and Oil Distribution: Analysis of oil flow in high-speed ro-
tating gearboxes, including violent multiphase interactions, to optimize lubrication
performance and reduce wear.

• Biofouling and Hydrophobic Surface Design: Investigation of fluid–solid interac-
tions on hydrophobic and self-cleaning surfaces for marine, medical, and industrial
applications to prevent fouling and improve longevity.

• Additive Manufacturing and Laser Welding: Modeling of molten metal flow, phase
change, and surface tension effects in metal 3D printing, laser bed welding, and ther-
mal processing to optimize manufacturing quality and reduce defects.

By targeting these application areas, the MP-LDD framework demonstrates its versatility and
potential to serve as a high-fidelity, computationally efficient tool for advanced multiphase
flow modeling across multiple industries and research domains.

1.6 Thesis Outline

This thesis is organized into nine chapters:
Chapter 1 Introduction provides an overview of multiphase flows, phase change phenom-
ena, and fluid-structure interaction, along with the research motivation, objectives, hypothe-
ses, scientific contribution and applications.
Chapter 2: Background and Literature Review presents a comprehensive review of ex-
isting numerical methods for multiphase flows, heat transfer and phase change, and fluid-
structure interaction. The chapter identifies research gaps and highlights the implications of
this work.
Chapter 3: Lagrangian Differencing Dynamics (LDD) Method describes the founda-
tional LDD method, including governing equations, discretization techniques, the pressure
Poisson equation formulation, and Position Based Dynamics(PBD) for point-cloud regular-
ization.
Chapter 4: Fluid-Structure Interaction with Modal Coupling describes the development
of the weakly coupled FSI solver, including modal superposition theory, the coupling algo-
rithm, and validation through various FSI benchmark problems.
Chapter 5: Multiphase LDD with Sharp Interfaces presents the development of the Mul-
tiphase Lagrangian Differencing Dynamics (MP-LDD) method, including the variable coef-
ficient Laplacian operator, density and viscosity treatment and interface handling techniques.
Chapter 6: Interface Dynamics Modeling provides the modelling of surface tension and
dynamic contact angle in MP-LDD framework including formualtion and algorithm for in-
terface dynamics.
Chapter 7: Heat Transfer and Phase Change Modeling details the extension of MP-LDD

8



Chapter 1: INTRODUCTION

to incorporate heat transfer, buoyancy and phase change phenomena, including formulation
and algorithms for phase transitions.
Chapter 8: Validation and Verification summarizes, validation through benchmark cases
for FSI, multiphase, interface dynamics and phase change
Chapter 9: Conclusions and Future Work summarizes the key findings and contributions
of this research, discusses limitations, and provides recommendations for future research
directions.
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2 BACKGROUND AND LITERATURE REVIEW

This section provides a background and comprehensive review of existing numerical meth-
ods relevant to this research, covering meshless methods for computational fluid dynam-
ics, multiphase flow modelling techniques, heat transfer and phase change simulation ap-
proaches, and fluid-structure interaction methods. The review identifies research gaps and
positions the contributions of this thesis within the broader context of computational multi-
physics.

2.1 Numerical Background

In computational fluid dynamics (CFD), accurate modelling of multiphase flow is funda-
mental for engineers and scientists aiming to reliably simulate complex systems. Traditional
single-phase models often fall short in capturing the intricate interactions at phase bound-
aries and the unique phenomena associated with multiphase systems. To effectively simulate
multiphase flows, specialized modeling techniques are necessary. These techniques must
accommodate the distinct characteristics of each phase, account for interactions between
phases, and manage the presence of phase interfaces. Recent research in this field has fo-
cused on developing robust, flexible, accurate and computationally efficient multiphase flow
models that cater to the diverse needs of various applications, ranging from large-scale in-
dustrial processes to microscale biological environments.

2.1.1 Governing Equations

The mathematical model governing incompressible viscous fluid motion is based on the
Navier–Stokes equations, which together ensure the conservation of mass and momentum.
For an incompressible fluid, these governing equations take the following form:

∇ ·u = 0 (2.1)

Du
Dt

=−1
ρ

∇p+ν∇
2u+g+

1
ρ

Fs+d (2.2)

where u denotes the fluid’s velocity vector field, ρ is the fluid density, p represents the
pressure field, ν is the fluid’s kinematic viscosity, g is the gravitational acceleration vector,
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and Fs+d represents the combined effect of surface tension and dynamic contact angle forces
per unit volume.

The continuity equation (2.1) is a direct consequence of mass conservation applied to
an incompressible medium. It enforces a zero-divergence condition on the velocity field,
mathematically asserting that no net volumetric flux can accumulate at any point within the
fluid domain, that is, the fluid neither compresses nor expands locally.

The momentum equation (2.2) which originates from Newton’s second law applied to
a fluid continuum, expressed within the Lagrangian reference frame, where the motion is
tracked from the perspective of individual fluid particles rather than fixed spatial points. The
left-hand side contains the material derivative operator D/Dt, which captures the total rate
of change of velocity experienced by a fluid parcel as it travels through the flow field. This
operator decomposes into two physically distinct contributions:

Du
Dt

=
∂u
∂t︸︷︷︸

local acceleration

+ u ·∇u︸  ︷︷  ︸
convective acceleration

(2.3)

The local acceleration term ∂u/∂t reflects the temporal change in velocity at a fixed location
in the domain, while the convective term u ·∇u accounts for the spatial transport of mo-
mentum as fluid particles move from one region to another. Together, these two terms fully
describe the inertial response of a fluid particle within the Lagrangian framework.

In equation (2.2)’s right-hand side, four distinct physical mechanisms govern the evo-
lution of the momentum field. The pressure gradient term − 1

ρ
∇p drives fluid motion from

regions of elevated pressure toward regions of lower pressure. The viscous diffusion term
ν∇2u represents the internal resistance to deformation arising from molecular friction within
the fluid. The gravitational body force g acts uniformly throughout the fluid volume. Finally,
1
ρ

Fs+d incorporates interfacial effects at the free surface, specifically the influence of sur-
face tension and the dynamic contact angle on fluid motion near solid boundaries or phase
interfaces.

Pressure and Velocity Solution Procedure

Solving the coupled system of equations (2.1) and (2.2) for an incompressible flow requires
the simultaneous determination of both the pressure and velocity fields across the discretized
computational domain. Since no explicit time-evolution equation exists for pressure in the
incompressible formulation, the pressure field is instead recovered through the Pressure Pois-
son Equation (PPE), obtained by taking the divergence of equation (2.2) and enforcing the
incompressibility constraint:
This elliptic equation links the spatial distribution of pressure to the divergence of the ac-
celeration field, and must be solved at every time step to ensure that the resulting velocity
field remains divergence-free in accordance with the continuity constraint (2.1). Once the
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Figure 2.1. Representation of the domain to solve the NS for Multiphase flow. One equation
Method (Left), Separate Equation for each phase is called Multi Equation (center), Ghost

or sharp interface using ghost particles

pressure field is determined, the velocity field is advanced in time by integrating the full
momentum equation 2.2

Du
Dt

=−1
ρ

∇p+ν∇
2u+g+

1
ρ

Fs+d (2.4)

This solution procedure forms the computational backbone of incompressible flow solvers
and is central to the numerical framework employed in the present work.

2.1.2 Equation based formulation

One Equation Approach

The one equation approach models multiphase flows by treating the entire domain as a sin-
gle fluid, solving a single set of Navier-Stokes Equations (2.2). The differences in density
and viscosity across phases are incorporated through fluid properties that vary spatially, de-
fined as functions of a scalar field (e.g., volume fraction) [8, 9, 10, 11, 12]. Interface effects
like surface tension are included by adding terms in the momentum equations to account
for interfacial forces. This approach avoids explicitly tracking the interface, making it com-
putationally efficient for complex flows. It can capture the behavior of interfaces in situa-
tions where phases do not separate sharply. Diffuse interfaces can arise, leading to a loss of
sharpness in representing phase boundaries, especially for high-density ratio flows. Surface
tension effects can be challenging to model accurately without a fine grid resolution in gird
based methods. However, this can be easily adapted for the Lagrangian methods [13, 14].
Representation of the domain to solve the NS is shown in Figure 2.1.
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Multi Equation Approach

For each phase, separate Navier-Stokes Equations (2.2) are solved, and conditions at the
interface are applied to maintain continuity between two phases as below:

[u1 −u2] = 0 at the interface. (2.5)

Where,

• u1 is phase one velocity

• u2 is phase two velocity

It is best suited for cases where interfaces experience mild deformation. This method cap-
tures sharp interfaces precisely, providing high accuracy in phase boundary representation.
Interface dynamics, including surface tension and phase changes, can be directly applied
with continuity and boundary conditions [15, 16, 17, 18]. In Eulerian-based methods, It is
achieved using body grid methods as shown in Figure 2.1.

Ghost Fluid Method or Sharp Interface Methods

Sharp-interface techniques like the Ghost Fluid Method (GFM), represent the interface be-
tween phases on a structured grid and use “ghost nodes” to capture discontinuities across
the interface in the Eulerian method. These ghost nodes allow the method to interpolate val-
ues across the interface, avoiding the need for re-meshing while retaining a sharp interface.
In Lagrangian methods, ghost particles are created by projection with respect to interface
and compact radius. These methods solve the Navier-Stokes Equations (2.2) separately in
each phase but include ghost nodes as shown in Figure 2.1 , across the interface to handle
discontinuities with ghost node values enforcing jump conditions [19, 20, 21, 22, 23, 24].[

ρ
∂u
∂t

]
across interface

=−∇p+ surface tension terms, (2.6)

2.1.3 Classification of Multiphase Modeling Techniques

Multiphase flow modeling encompasses various approaches, each tailored to specific ap-
plications and physical phenomena. The classification of these techniques can be broadly
categorized into three primary groups: Molecular Modeling, Macroscopic Modeling, and
Mesoscopic Modeling. Each category employs different methodologies and computational
strategies to capture the complexities of multiphase interactions. Figure 2.2 presents a mul-
tiscale approach for modeling fluids across different time and length scales. At the smallest,
quantum scale, atomic-level interactions are studied, focusing on electronic configurations.
Moving up, the molecular scale models individual molecules and their dynamics, while the
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Figure 2.2. Multiscale Modeling Framework for Fluid Systems

mesoscale groups collections of molecules, often using simplified methods to capture collec-
tive behavior like diffusion. At the largest, continuum scale, fluid properties are represented
as averaged quantities (e.g., density, viscosity, and thermal conductivity), allowing for effi-
cient modeling of large-scale fluid behavior. This framework enables selecting appropriate
modeling techniques based on the scale of interest [25]. Complete overview of multiphase
modelling is shown in Figure 2.3.
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Figure 2.3. A detailed overview of Multiphase Modelling and Methods
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Molecular Modeling

Molecular modeling techniques focus on the fundamental interactions between molecules
and are particularly useful for understanding phenomena at the nanoscale. This helps in
understanding processes like diffusion, wetting, and nanoscale fluid behavior in pores.

Molecular Dynamics (MD): This method simulates the physical movements of atoms
and molecules over time, providing insights into the properties of materials and interactions
at the molecular level. However, MD is computationally intensive and not suitable for large-
scale systems.

Mesoscopic Modeling

Mesoscopic modeling bridges the gap between molecular and macroscopic approaches, cap-
turing essential features of multiphase flows without resorting to molecular details.

Dissipative Particle Dynamics (DPD): It employs a particle-based approach that simu-
lates interactions while embedding key macroscopic properties, enabling complex fluid dy-
namics without molecular-level resolution. DPD is useful for simulating soft matter and
complex fluids. It is commonly applied in polymer science and biological simulations.

Lattice Boltzmann Method (LBM): Mesoscale kinetic theory technique simulating
fluid flow while effectively handling complex boundaries and interfaces. Commonly applied
in porous media, multiphase flows, and microfluidics.

Macroscopic Modeling

Macroscopic approach, which treats multiphase flows as continuous fields governed by par-
tial differential equations. These models work at scales where continuum assumptions hold,
allowing the phases to be treated as continuous, interpenetrating media. Macroscopic mod-
els are used extensively in industrial and environmental simulations, where large-scale flows
and bulk properties are more important than individual particle interactions. It is widely
classified as Mesh methods and Meshless methods.

Mesh Methods: Mesh or Grid based methods are numerical techniques employed to
solve Partial Differential Equations (PDEs) by discretizing the continuous space into a grid
or mesh of points or cells as shown in Figure 2.4 . This discretization facilitates the approx-
imation of continuous variables at specific locations, transforming the governing equations
into a set of algebraic equations that can be solved numerically. By utilizing appropriate nu-
merical schemes, the derivatives in the equations are estimated based on the values of neigh-
boring grid points. These methods are versatile and adaptable, making them suitable for a
wide array of applications in fluid dynamics, heat transfer, and structural analysis. Accurate
specification of boundary and initial conditions is critical, as these significantly influence the
solution. Overall, grid-based methods provide a systematic and efficient approach to analyz-
ing complex physical phenomena across various scientific and engineering fields.
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Figure 2.4. Representation of domain with mesh or grid for the mesh-based method

Finite Volume Method (FVM): The Finite Volume Method (FVM) is a robust numerical
technique widely used to approximate solutions to partial differential equations, particularly
in computational fluid dynamics (CFD) and heat transfer problems. This method divides the
spatial domain of interest into small, discrete control volumes, each centered around a grid
point. Within each control volume, integral conservation laws are applied for fundamen-
tal quantities such as mass, momentum, and energy. This framework ensures that the flux
of a conserved quantity across the boundaries of each control volume is balanced, thereby
upholding the physical principles of conservation throughout the simulation. In FVM, dif-
ferential equations are transformed into algebraic equations by integrating over each control
volume, simplifying complex partial differential equations that can then be solved iteratively.
The adaptability of FVM allows it to manage irregular, non-uniform meshes and bound-
ary conditions, which often arise in real-world applications. Its conservative nature makes
it particularly effective for simulating flows with high accuracy across boundaries, even in
complex geometries. The combination of flexibility, accuracy, and adherence to conservation
principles positions the FVM as a preferred choice in engineering and scientific applications,
where precise modeling of fluid flow, thermal transfer, and other transport phenomena is es-
sential.
Finite Difference Method (FDM): The Finite Difference Method (FDM) is a numerical
technique utilized to solve differential equations by approximating them with difference
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equations. This method is particularly beneficial for analyzing problems in computational
fluid dynamics, heat conduction, and other domains governed by partial differential equa-
tions. FDM operates by discretizing the continuous domain into a grid, where derivatives
are substituted with finite differences, enabling the transformation of differential equations
into algebraic equations. In FDM, continuous variables are represented at specific nodal
locations, and derivatives there are estimated through are approximated using Taylor se-
ries expansions or simple difference formulas. For example, the first derivative can be ap-
proximated by the forward or backward difference, while higher-order derivatives may be
represented using central differences. This results in a linear system of equations solvable
iteratively or directly, contingent on the problem’s complexity. One of the primary advan-
tages of FDM is it’s straightforward implementation and ease of use, especially for problems
defined on structured grids. However, challenges may arise when dealing with complex ge-
ometries and irregular domains, where maintaining accuracy can be difficult. Despite these
limitations, FDM remains a widely adopted approach due to its effectiveness in address-
ing time-dependent problems, offering good accuracy for smooth solutions, and providing a
clear framework for both steady-state and transient analyses. It’s versatility and relative sim-
plicity render it a valuable tool in engineering and scientific research for modeling various
physical phenomena.
Finite Element Method (FEM): The Finite Element Method (FEM) is a powerful numerical
technique extensively employed in computational fluid dynamics (CFD) for solving complex
partial differential equations that characterize fluid flow, heat transfer, and other physical
phenomena. Unlike methods that utilize structured grids, FEM divides the computational
domain into a mesh of small, simple shapes called elements, which can take various ge-
ometries (e.g., triangles or quadrilaterals in two dimensions, or tetrahedra or hexahedra in
three dimensions). This flexibility enables FEM to effectively tackle complex geometries
and boundary conditions frequently encountered in engineering applications. In FEM, gov-
erning differential equations are transformed into a weak formulation through the application
of variational principles. Within each element, shape functions are defined to approximate
the solution locally. By integrating the governing equations over each element and applying
the relevant boundary conditions, a system of algebraic equations is derived. These equa-
tions are then assembled into a global system representing the entire computational domain.
The solution is obtained using numerical techniques, such as the Newton-Raphson method
or iterative solvers, to resolve the resulting system of equations. A significant advantage
of FEM in CFD is, it’s capability to accurately model complex flow phenomena, including
turbulence, phase interactions, and fluid-structure interactions. The method’s adaptability to
varying mesh densities allows for localized refinement, where a greater number of elements
are utilized in regions with high gradients or complexity, thereby enhancing solution accu-
racy. Moreover, FEM is particularly well-suited for problems involving nonlinear behavior
and transient dynamics, making it a popular choice for simulating real-world fluid dynamics
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scenarios in fields such as aerospace, automotive, and biomedical engineering. It’s robust-
ness, flexibility, and accuracy position the FEM as an essential technique for fluid system
evaluation and engineering design.
Boundary Element Method (BEM): The Boundary Element Method (BEM) is a numeri-
cal technique employed to solve partial differential equations relevant to various engineering
and physical applications, especially in fluid dynamics, heat transfer, and structural analy-
sis. Unlike traditional methods that require full discretization of the entire volume of the
domain, BEM focuses on the boundaries of the domain, significantly reducing the prob-
lem’s dimensionality. This approach proves particularly efficient for problems involving
infinite or semi-infinite domains, such as potential flow around objects or heat conduction in
semi-infinite media. In BEM, the governing equations are reformulated in terms of bound-
ary integrals, utilizing the boundary conditions of the problem to express the solution. The
domain is divided into boundary elements, with the unknowns typically represented by in-
terpolating functions over these boundaries. By applying integral equations derived from
the governing differential equations, a system of equations is generated that correlates the
unknown boundary values to the known boundary conditions. Solving this system yields the
values at the boundaries, from which the solution in the entire domain can be reconstructed.
A primary advantage of BEM is its capacity to accurately model problems with complex
geometries and boundary conditions without requiring a dense mesh throughout the entire
domain. Consequently, this results in fewer degrees of freedom compared to volume-based
methods like FEM or FVM, thereby reducing computational cost and time. BEM is partic-
ularly effective for steady-state problems and those involving linear differential equations.
However, it may be less efficient for nonlinear problems and may necessitate special han-
dling for non-homogeneous boundary conditions.
Immersed Boundary Method (IBM):The Immersed Boundary Method (IBM) is a numeri-
cal technique utilized to simulate fluid flow in the presence of complex, moving geometries.
This method is particularly advantageous in CFD for scenarios involving fluid-structure in-
teractions, such as biological systems (e.g., blood flow around heart valves or fish swimming)
and engineering applications (e.g., flow over airfoils or the motion of flexible structures). In
IBM, the fluid domain is typically represented on a fixed Cartesian grid, while the solid
boundaries are immersed within this grid. The fundamental concept is to impose the effects
of the immersed boundaries on the surrounding fluid flow without conforming the grid to
the shape of the object. This is achieved by employing special forcing terms in the Navier-
Stokes equations that represent the boundary conditions at the interface between the fluid
and the solid. Consequently, the immersed boundaries exert forces on the fluid, which are
incorporated into the governing equations, enabling effective interaction between the fluid
and the boundaries. A notable advantage of the Immersed Boundary Method is its capability
to manage complex geometries and moving interfaces without the computational overhead
associated with mesh generation and refinement, common in traditional methods like the
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FEM or FVM. In addition, IBM can easily accommodate substantial boundary deformations,
making it suitable for simulating flexible structures and dynamic interactions. However, the
accuracy of the method can be influenced by the choice of forcing functions and the grid
resolution, particularly near the boundaries. Therefore, careful consideration of grid size and
numerical scheme is essential to ensure accurate capture of interactions between the fluid
and immersed boundaries.

Meshless Methods: Meshless methods represent a class of numerical techniques uti-
lized to solve Partial Differential Equations (PDEs) without relying on a predefined grid or
mesh as shown in Figure 2.5 . This allows for greater flexibility in handling complex geome-
tries and dynamic problems. Instead of discretizing the domain, meshless methods utilize
a set of scattered points within the computational domain to represent the solution. They
approximate the governing equations by constructing local or global shape functions based
on the values at neighboring points, enabling the computation of derivatives and integrals
directly from the scattered data. This approach is particularly beneficial for problems in-
volving large deformations, moving boundaries, or evolving interfaces, as it mitigates issues
related to mesh generation and refinement. Meshless methods are increasingly employed in
various fields, including fluid dynamics, structural analysis, and material science, offering
a powerful alternative to traditional mesh-based techniques for simulating complex physical
phenomena. A detailed summary is provided in Table 2.1.

Figure 2.5. Representation of the domain with particles or points for the meshless method

Smoothed Particle Hydrodynamics (SPH): SPH is a meshless, Lagrangian numerical
method employed to simulate fluid flows and various continuum mechanics phenomena. Ini-
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tially developed for astrophysical applications, SPH has gained prominence in diverse fields
such as fluid dynamics, geophysics, and biomechanics due to its capability to effectively
handle complex fluid interfaces and free surfaces. In SPH, the fluid is represented by a dis-
crete set of particles, each possessing properties such as mass, position, velocity, and other
relevant physical characteristics. The interactions between particles are governed by a ker-
nel function that calculates the influence of neighboring particles. This smoothing approach
enables the approximation of continuous fields, including density and pressure, without the
necessity of a fixed grid. A primary advantage of SPH lies in its flexibility to manage large
deformations, free-surface flows, and complex boundary conditions, rendering it well-suited
for simulating phenomena such as fluid fragmentation, mixing, and solid-fluid interactions.
Moreover, the absence of a mesh alleviates complications associated with mesh generation
and refinement, particularly in dynamic simulations where the fluid domain may undergo
significant alterations over time. Nonetheless, SPH is not without challenges, particularly
concerning numerical stability. Maintaining accuracy during high-velocity impacts or in
scenarios with strong gradients can be problematic. To address these issues and enhance the
method’s performance, various enhancements have been proposed, including kernel correc-
tions and multi-resolution techniques.
Moving Particle Semi-Implicit (MPS): The MPS method is a numerical approach em-
ployed for simulating fluid flows and dynamic phenomena, with particular emphasis on free-
surface flows and fluid-structure interactions. As a meshless Lagrangian technique, MPS
does not rely on a fixed grid or mesh, providing enhanced flexibility in managing complex
geometries and large deformations. In the MPS framework, fluid is represented by a collec-
tion of moving particles, each characterized by properties such as mass, position, velocity,
and density. The interactions among these particles are computed utilizing a semi-implicit
scheme that improves numerical stability. This method integrates explicit and implicit time-
stepping techniques to solve the governing equations of fluid motion, allowing for effective
management of stability during time integration—particularly beneficial when employing
large time steps in dynamic simulations. A notable advantage of MPS is its efficacy in mod-
eling free-surface flows, making it suitable for applications such as dam break simulations,
sloshing in tanks, and other scenarios involving fluid motion and interfaces. Furthermore,
the method can accommodate complex boundary conditions and moving objects with relative
ease, a significant advantage over traditional mesh-based methods. Despite its merits, MPS
faces limitations concerning particle distribution and potential numerical instability under
certain conditions. Ongoing research seeks to enhance the robustness of the method through
optimized particle arrangements and correction schemes aimed at improving accuracy.
Generalized Finite Difference Method (GFDM): GFDM utilizing meshless interpolation
combine the advantages of finite difference techniques with the flexibility of meshless ap-
proaches for solving partial differential equations. In this framework, traditional finite dif-
ference schemes are generalized to accommodate irregular point distributions, allowing for
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more accurate derivative approximations without a fixed grid. Meshless interpolation tech-
niques, such as Moving Least Squares (MLS) or radial basis functions, are employed to
estimate field variables at non-grid points, enhancing the method’s adaptability to complex
geometries and boundary conditions. This approach proves particularly beneficial for simu-
lating problems characterized by evolving interfaces or irregular domains, providing a robust
and flexible tool applicable across a diverse range of fields, including fluid dynamics, heat
transfer, and material science.
Finite Pointset Method (FPM): The FPM is a meshless numerical technique utilized for
solving partial differential equations by representing the domain with a discrete set of points.
In contrast to traditional mesh-based methods, FPM does not rely on a predefined mesh, al-
lowing for enhanced flexibility in addressing complex geometries and dynamic interfaces.
Within the FPM framework, the governing equations are solved by approximating field vari-
ables at pointset locations using local polynomial or radial basis function interpolations. The
method incorporates a background grid to facilitate derivative integration and enforce bound-
ary conditions. FPM is particularly well-suited for scenarios involving large deformations,
fluid-structure interactions, and free-surface flows, establishing it as a valuable tool in en-
gineering and scientific research for simulating intricate physical phenomena without the
complications associated with mesh generation and refinement.

Interface Tracking Methods for Grid Based Method

In grid-based methods for multiphase flow simulation, accurately tracking the interface be-
tween different phases is essential for capturing interfacial dynamics and phase interactions.
The interface represents the boundary where properties like density, viscosity, and surface
tension can vary sharply, and its accurate tracking is crucial to avoid artificial mixing and en-
sure realistic simulations. Several approaches are employed as shown in Figure 2.6 to handle
this challenge, each with unique strengths and limitations. A detailed summary is provided
in Table 2.2.

Phase-Field Method: The Phase-Field method captures the interface between two fluid
phases by representing it as a diffuse transitional zone rather than an infinitely thin bound-
ary. A scalar order parameter, referred to as the phase field, is introduced to characterise
this transition, varying continuously from one bulk phase value to the other across the in-
terfacial region. The dynamics of this order parameter are governed by the Cahn-Hilliard
equation, which describes the thermodynamic forces driving interface motion and deforma-
tion. A key advantage of this diffuse interface representation is its inherent ability to handle
complex topological changes such as droplet merging and breakup, without requiring ex-
plicit interface reconstruction. However, maintaining a physically representative interface
thickness demands sufficient mesh refinement in the interfacial region, which increases the
computational cost of the simulation.

Volume of Fluid (VOF) Method: The Volume of Fluid (VOF) method is one of the
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Table 2.1. Summary of meshless methods.

Feature SPH MPS GFDM FPM

Basic
Concept

Interpolates
physical quantities
using smoothing

kernels

Solves NS
equations with
semi-implicit
formulations

Approximates
derivatives using
weighted least

squares

Uses Taylor
expansions for

point cloud data

Domain
Rep.

Lagrangian
particles

Lagrangian
particles

Arbitrary point
clouds (no

connectivity)

Arbitrary point
clouds (no

connectivity)
Conservation Good mass

conservation,
challenges in

momentum and
energy

Good mass
conservation,

handles pressure
better than SPH

Conservation
depends on
weighting
functions

Conservation
depends on Taylor

series accuracy

Boundaries Requires special
techniques (ghost
particles, kernel

corrections)

Requires special
boundary particles

Requires explicit
boundary
conditions

Handles
boundaries with
high flexibility

Diffusion Moderate (depends
on kernel and

radius)

Low (better
pressure

calculations)

Depends on
weighting schemes

Low (accurate
derivative

computation)
Accuracy Moderate, sensitive

to kernel choice
and particle
distribution

Moderate to high High, flexible
accuracy with
higher-order
derivatives

High, flexible
accuracy for

well-distributed
points

Cost Moderate to high Moderate to high High (matrix
assembly for

weights)

High (matrix
operations for

Taylor expansions)
Flexibility Fully meshless,

ideal for
free-surface flows

Fully meshless,
ideal for

incompressible
flows

Fully meshless,
suitable for

arbitrary
geometries

Fully meshless,
suitable for

arbitrary
geometries

Applications Free-surface flows,
astrophysics
simulations

Incompressible
flows, multiphase

flows

General CFD, heat
transfer, elasticity

General CFD,
aeroacoustics,
multiphysics

Advantages Handles large
deformations and

free surfaces

Stable pressure and
incompressible

flows

High flexibility
and accuracy for

arbitrary
geometries

High flexibility
and accuracy for

arbitrary
geometries

Disadvantages Sensitive to
particle

distribution, kernel
choice

High
computational cost
for large systems

High
computational
cost, complex

weighting schemes

High
computational
cost, complex

setup for Taylor
expansions
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Figure 2.6. Interface tracking methods for gird based methods. Phase field: Diffuse
(controlled by interface width), VOF: Diffuse (over a few cells), Level set: Sharp, but

smeared numerically, Marker and cell: Diffuse using markers and Front tracking: Sharp
interface using Lagrangian particle

most widely adopted interface capturing techniques in grid-based computational fluid dy-
namics, particularly for multiphase flow simulations involving large interfacial deformations.
The method operates by assigning a volume fraction field to each computational cell, rep-
resenting the proportion of that cell occupied by a given fluid phase. This scalar quantity is
bounded between zero and unity, where a value of zero or one indicates a cell fully occu-
pied by a single phase, and intermediate values identify cells containing the interface. To
recover a geometrically meaningful representation of the interface from this discontinuous
field, reconstruction algorithms such as the Piecewise Linear Interface Calculation (PLIC)
are commonly employed to approximate the local interface orientation and position within
each interfacial cell. The VOF method inherently conserves mass, making it well suited for
simulations involving violent interfacial events such as wave breaking, droplet impact, and
jet fragmentation. A recognised limitation, however, is the tendency for numerical diffu-
sion to smear the interface across several cells, particularly in high-resolution computations,
which can compromise the sharpness and geometric fidelity of the captured interface.

Level Set Method: The Level Set method provides an implicit framework for interface
capturing in multiphase flow simulations, representing the interface through a signed dis-
tance function. In this formulation, the magnitude of the function at any point in the domain
corresponds to its shortest Euclidean distance to the interface, with the sign convention as-
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signing positive values to one fluid phase and negative values to the other. The interface
is consequently defined as the zero isocontour of this function, that is, the locus of points
where the signed distance equals zero. This implicit representation offers a natural and com-
putationally convenient means of handling complex interfacial geometries and topological
transitions, such as interface merging and fragmentation, without requiring explicit track-
ing or reconstruction. The temporal evolution of the interface is governed by the Level Set
transport equation, which advects the signed distance function according to the underlying
velocity field. Despite providing a smooth and well-defined interface, the method is suscep-
tible to numerical drift in the signed distance property over successive time steps. To restore
this property, periodic reinitialization of the Level Set function is required, a process that
can introduce localised errors in the interface position and, in some cases, compromise the
overall mass conservation of the simulation.

Front-Tracking Method: Front tracking technique explicitly tracks the interface by us-
ing a separate set of markers or an independent mesh, typically represented as a collection
of points or segments that define the interface boundary. These markers move along with the
fluid velocity and are coupled with the Eulerian grid used for the fluid flow. This method
maintains a highly accurate, sharp interface, making it especially useful for simulations in-
volving surface tension and fine-scale interfacial details. However, the front-tracking method
is computationally intensive, as it requires managing the interface markers separately and ad-
dressing complex topological changes, like breakup and merging events. Despite these chal-
lenges, the front-tracking method is often chosen when a precise interface representation is
needed for detailed interfacial phenomena.

Marker-and-Cell (MAC) Method: The Marker-and-Cell (MAC) method is an interface
tracking technique that employs marker particles to distinguish different fluid regions and
locate the interface. These particles are advected with the flow, marking the regions occupied
by each phase, which helps in maintaining a sharp interface. The particle information is
coupled with a grid-based solver that calculates fluid properties across the domain. The
MAC method is mainly applicable for simulating free surface flows and it naturally captures
the dynamic interface between the phases. However, it can be computationally demanding
since it requires a high density of marker particles near the interface to maintain accuracy,
which increases the computational load for high-resolution simulations.

2.1.4 Surface Tension

Surface tension arises where two immiscible phases meet, such as at a water–air boundary,
as illustrated in Figure 2.7. It originates from the imbalance of cohesive intermolecular
forces experienced by molecules residing at the interface. Unlike bulk molecules, which are
uniformly surrounded by neighbouring molecules and experience balanced attractive forces,
interfacial molecules lack neighbours on one side, resulting in a net inward pull toward the
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Table 2.2. Detailed summary of interface tracking methods for grid-based methods. Phase
field: Diffuse (controlled by interface width), VOF: Diffuse (over a few cells), Level set:

Sharp, but smeared numerically, Marker and cell: Diffuse using markers and Front
tracking: Sharp interface using Lagrangian particle.

Feature Front
Tracking

Marker-and-
Cell (MAC)

Phase-Field
Method

Volume of
Fluid (VOF)

Level Set
Method

Interface
Representa-
tion

Explicit
(Lagrangian

markers)

Implicit
(tracer

particles)

Implicit
(Cahn-
Hilliard

equation)

Implicit
(volume
fraction)

Implicit
(distance
function)

Interface
Sharpness

Sharp, well-
maintained

Diffuse Diffuse
(controlled by

interface
width)

Diffuse (over
a few cells)

Sharp, but
smeared

numerically

Grid Setup Eulerian +
Lagrangian

mesh

Eulerian
(staggered

grid)

Eulerian
(uniform

grid)

Eulerian
(uniform

grid)

Eulerian
(uniform

grid)

Handling of
Surface
Tension

Accurate Less accurate Accurate
(surface

tension in free
energy)

Less accurate
(special

techniques
required)

Accurate
(gradient-

based)

Numerical
Diffusion

Minimal at
interface

Higher at
interface

Controlled by
interface

width

Moderate
(depends on
advection
scheme)

Moderate
(depends on
reinitializa-

tion)

Complex
Interface
Topology

Challenging
(merg-

ing/splitting)

Challenging Easy
(naturally

handled by
diffuse

interface)

Easy
(automatic
via volume
fractions)

Easy
(automatic
via level set
evolution)

Mass Con-
servation

Good Good Poor (not
strictly

conserved)

Excellent
(strictly

conserved)

Poor (not
strictly

conserved)

Computational
Cost

Moderate Low High
(additional
equations)

Moderate High
(additional
equations)

Physical
Basis

Explicit
tracking via

markers

Particle-based
advection

Thermodynamic
free energy

Volume
fraction

advection

Distance
function

advection

Applications Sharp
interface

flows, high
surface
tension
effects

General in-
compressible

flows

Multiphase
flows with

diffuse
interfaces

Multiphase
flows with
strict mass

conservation

Multiphase
flows

requiring
sharp

interfaces
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bulk liquid. This force imbalance causes the interface to contract and behave analogously to
an elastic film under tension, which acts to reduce the total interfacial area. Surface tension
is measured as the force acting per unit length along the interface, with SI units of N/m, and
can be connected to the interfacial surface energy as shown below:

Figure 2.7. Representation of surface tension on a liquid-air system.

Surface energy = Fs ×Area (2.7)

Surface tension therefore represents the interfacial energy per unit area at the phase boundary.
It governs several physically important phenomena in multiphase flows, including droplet
formation, capillary wave propagation, and interfacial stability. Several approaches have
been developed within the CFD framework to model surface tension forces, the most promi-
nent of which will be outlined in the sections that follow.

Continuum Surface Force (CSF)

The Continuum Surface Force (CSF) method, introduced by Brackbill et al. [26], reformu-
lates surface tension as a volume-distributed force acting on the fluid spread throughout the
interfacial region. The surface tension as a body force acting through the volume is expressed
as:

Fs = σκn (2.8)

where σ is the surface tension coefficient, n is the unit normal vector to the interface, and κ is
the local interface curvature. The curvature is evaluated from the divergence of the interface
unit normal:
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κ = ∇ ·n (2.9)

In practice, the normal vector and curvature are typically derived from the gradients of a
phase indicator function, such as a level set or phase field variable.

Smoothed Continuum Surface Force (Smoothed CSF)

The Smoothed CSF method extends the standard CSF approach by distributing the surface
tension force over a finite region surrounding the interface rather than concentrating it at the
interface itself. This is achieved through the application of a smoothing weighting function
W (r):

Fs =
∫

Ω

σκnW (r− r′)dr′ (2.10)

where Ω denotes the domain surrounding the interface, W (r−r′) is the smoothing weighting
function, r is the position vector of the neighbouring point, and r′ is the position vector of
the evaluation point. This smoothed formulation reduces numerical oscillations near the
interface and improves overall simulation stability.

Sharp Surface Force (SSF)

The Sharp Surface Force (SSF) method applies surface tension directly at the interface with-
out any smoothing, making it suitable for simulations where a well-defined sharp interface
must be preserved. The surface tension force per unit volume is formulated using a Dirac
delta function δ(φ) to confine the force strictly to the interfacial region:

Fs = σκδ(φ)∇φ (2.11)

Alternatively, the force can be expressed using a Heaviside function H(φ) that distinguishes
between the two fluid phases:

Fs = σκ∇H (2.12)

2.1.5 Dynamic Contact Angle (DCA)

The contact angle is established at the boundary of three-phases: a liquid, a solid, and a gas
that are present in phase that meet simultaneously, as illustrated in Figure 2.8. It serves as a
quantitative measure of the wettability of a solid surface by a liquid, reflecting the balance
of intermolecular forces acting at the interface. A liquid droplet resting on a solid substrate
forms a measurable angle between the liquid-gas interface and the solid surface, the mag-
nitude of which characterises the degree of liquid-solid interaction. This parameter finds
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practical relevance in numerous industrial applications, including the formulation of coat-
ings, inks, and adhesives, where the spreading behaviour of a liquid on a substrate directly
influences product performance. Based on the magnitude of the contact angle, the interaction

Figure 2.8. Representation of contact angle at the three-phase boundary point

between a liquid and a solid surface can be grouped into two broad categories:

1. Non-wetting: The contact angle is close to 180◦, meaning the liquid tends to stay in
droplet form and does not spread across the surface.

2. Wetting: The contact angle is close to 0◦, meaning the liquid fully covers the surface,
a phenomenon referred to as "perfect" or "complete" wetting.

Wettability varies inversely proportional to the contact angle: as the angle decreases, wet-
tability increases. For most real-world cases, the contact angle lies between 0◦ and 180◦.
When θ = 90◦, the situation is neither fully wetting nor non wetting. The contact angle less
than 90◦ indicates wetting behavior, while an angle greater than 90◦ suggests non-wetting
behavior. Based on contact angle measurements, surfaces can be classified into the following
categories and shown in Figure 2.9:

1. Hydrophilic: Contact angle < 90◦

2. Hydrophobic: Contact angle > 90◦

3. Superhydrophobic: Contact angle > 150◦
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Figure 2.9. Classification of Surface and Wettability nature with respect to contact angle

The magnitude of the contact angle is influenced by the physical characteristics of the
materials involved, particularly surface tension. The spherical shape of a droplet is deter-
mined not only by the nature of the surface it rests on but also by the liquid’s surface tension.
Surface tension causes liquids, such as water, to naturally form droplets due to cohesive
forces between molecules. Within the bulk of the liquid, these forces are balanced; however,
at the surface, molecules experience a net inward force because they are not surrounded
equally on all sides. This imbalance creates a higher-energy surface state, driving the liquid
to adopt a shape that minimizes surface area—typically a sphere. Liquids with higher surface
tension tend to maintain larger contact angles and remain as distinct droplets. In contrast,
liquids with lower surface tension exhibit smaller contact angles and spread more readily
across solid surfaces. This behavior can be summarized as follows:

1. Non-wettability: High surface tension results in a larger contact angle.

2. Wettability: Low surface tension results in a small contact angle.

Contact angle theory is rooted in surface tension, as described by the Young-Laplace equa-
tion. This equation determines the contact angle by balancing the interfacial energies at the
junction of the liquid, solid, and gas phases:

γsg = γsl + γlg cosθ

Where,

• θ represents the contact angle,

• γsg denotes the solid–gas interfacial energy,

• γsl is the solid-liquid surface tension and

• γlg is the liquid-gas surface tension.

The properties of the solid surface play a significant role in determining wettability. When
the droplet reaches equilibrium, the forces acting on it are balanced. The contact angle can
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then be expressed as:
cosθ =

γsg − γsl

γlg

This equation shows how surface energies influence the contact angle:

1. If γsg < γsl , then cosθ will be negative, resulting in θ < 90◦, indicating a wetting
condition.

2. If γsg > γsl , then cosθ will be positive, resulting in θ > 90◦, indicating a non-wetting
condition.

Various methods have been developed in computational fluid dynamics (CFD) to model the
dynamic contact angle. The most common approaches are presented in the sections below.

Kistler’s Model

Kistler’s model [27] describes the advancing contact angle (θA) as a function of the capillary
number (Ca) and the equilibrium contact angle (θE), utilizing Hoffman’s empirical formula-
tion [28]:

θA = fH

(
Ca+ f−1

H (θE)
)

(2.13)

Where,

• θA denotes the advancing contact angle

• Ca represents the capillary number

• θE orresponds to the equilibrium contact angle and

• fH(x) is Hoffman’s function

Hoffman’s function, fH(x), is defined as:

fH(x) = arccos

(
1−2tanh

(
5.16

(
x

1+1.31x0.99

)0.706
))

(2.14)

“This model is widely applied to estimate advancing contact angles but additional consid-
erations are necessary for receding angles, which can be handled by coupling with another
model.
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Dynamic Receding Contact Angle Model

Nichita et al. [29] extended Tanner’s empirical work to formulate a model for receding
angles. This model relates the dynamic receding contact angle (θD) to the capillary number:

θD =
(
θ

3
R −72Ca

)1/3
(2.15)

Where, θR represents the static receding contact angle. This approach is useful for simula-
tions where receding angle dynamics are significant.

Shikhmurzaev’s Model

Shikhmurzaev [30] proposed a model that links the DCA with the contact line velocity (ucl)
and phenomenological constants:

cos(θD) = cos(θA)−
2u(a1 +a2u0)

(1−a2)
(
(a1 +u2

cl)
1/2 +ucl

) (2.16)

Where, u0 is radial velocity, a1, a2, and other parameters are fitted values specific to the fluid
interface being studied. This model provides flexibility for applications involving varied
wettability conditions.

Cox’s Model

Cox’s model [31] calculates both advancing and receding contact angles by incorporating the
apparent contact angle (θapp), the capillary number, apparent length (L) and the slip length
(λ):

θD = g−1
(

g(θapp)+Ca log
(

L
λ

))
(2.17)

Where, g(θ) is an integral function given by:

g(θ) =
∫

θ

0

x− sin(x)cos(x)
2sin(x)

dx (2.18)

This model is particularly advantageous in simulations that require precise representation of
slip effects at the contact line.

Quasi-Dynamic Contact Angle Model

The quasi-dynamic model, as discussed by Göhl et al. [32], simplifies the contact angle
behavior by setting a constant advancing angle (θA) and receding angle (θR) depending on
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the contact line motion direction:

θD =

θA if advancing

θR if receding
(2.19)

This model is computationally efficient and applicable where experimental data for contact
angle hysteresis is available, though it may lack the accuracy of more detailed models.

Yokoi’s Model

The dynamic contact angle is modeled as a function of the contact line velocity ucl and
Tanner’s law [29], combining capillary-dominated and inertia-dominated regimes[33]:

θ(ucl) =


min

(
θE +

(
Ca
ka

)1/3
,θmda

)
, if ucl ≥ 0 (Advancing phase),

max
(

θE +
(

Ca
kr

)1/3
,θmdr

)
, if ucl < 0 (Receding phase),

(2.20)

Where:

• θ(ucl): Dynamic contact angle as a function of the contact line velocity ucl .

• Ca: Capillary number, defined as:

Ca =
µucl

σ
,

Where, µ is the liquid dynamic viscosity, ucl is the contact line velocity, and σ is the
surface tension.

• θE : Equilibrium contact angle at zero velocity (Ca = 0).

• θmda: The upper bound of the dynamic advancing angle.

• θmdr: The lower bound of the dynamic receding angle.

• ka,kr: Material-dependent constants for the advancing and receding phases, respec-
tively.

For the advancing phase (ucl ≥ 0), the dynamic contact angle increases with ucl and is capped
at θmda. For the receding phase (ucl < 0), the dynamic contact angle decreases with ucl

but is limited by θmdr. This model captures the asymmetric nature between the advancing
and receding behavior of contact angles using distinct constants (ka,kr) and dynamic limits
(θmda,θmdr).
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Davis–Hocking Model for Contact-Line Dynamics

The Davis–Hocking model relates the dynamic contact angle θ to the contact-line velocity
ucl via the mobility parameter M. The fundamental equation is:

M∆α = ucl, (2.21)

Where, ∆α = θ− θE represents the deviation of the dynamic contact angle from its equi-
librium contact angle θE . In systems with contact angle hysteresis, the model expands as
[34]:

θ =

θa +
ucl
M , if ucl > 0 (advancing)

θr +
ucl
M , if ucl < 0 (receding),

(2.22)

Where, θA and θR are the advancing and receding static contact angles, respectively. To
ensure the dynamic contact angle remains physical, the following boundary condition is
applied:

θ = max(min(θ,180◦),0◦). (2.23)

This model captures the linear dependence of the dynamic contact angle on the contact-line
velocity, incorporating material properties via the mobility parameter M.

2.1.6 Energy Equation

Energy is a fundamental scalar quantity that is transferred between physical systems through
mechanisms such as work and heat transfer. It is governed by the first law of thermodynam-
ics, which dictates that the total energy of an isolated system remains constant, with energy
only changing from one form to another [35]. The total energy E of a system comprises
three contributions: internal (thermal) energy U , kinetic energy KE, and potential energy
PE:

E =U +KE +PE. (2.24)

In thermal-fluid systems, however, the energy equation is typically formulated in terms of
internal energy, as it directly reflects temperature-related variations rather than the full total
energy. For a moving fluid, the general conservation equation of internal energy is comprises
three contributions: [36]

DU
Dt

=− p
ρ
(∇ ·u)+Dν +

1
ρ

∇ ·q+Q, (2.25)
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where the first term on the right-hand side corresponds to pressure work, Dν denotes viscous
dissipation, q is the heat flux, and Q accounts for volumetric heat sources. For incompress-
ible flows, the density is constant and ∇ · u = 0, which eliminates the pressure work con-
tribution. Furthermore, viscous dissipation Dν can be approximated using the Laplacian of
velocity, i.e., Dν ≈ ν∇2u, consistent with the viscous term in the momentum equation for
Newtonian fluids [37]. In many low-speed incompressible flow applications, viscous heating
is negligible; however, in lubrication flows, polymer melts, or molten metals, its inclusion
is essential [38]. Under these assumptions, the energy equation in a Lagrangian framework
reduces to

DU
Dt

=
1
ρ

∇ ·q+Q, (2.26)

with the heat flux is defined according to Fourier’s law as q = k∇T , with k denoting the
thermal conductivity and T the local temperature.

DU
Dt

= ∇ ·
(

k
ρ

∇T
)
+Q. (2.27)

2.1.7 Fluid-Structure Interaction (FSI)

Fluid-Structure Interaction (FSI) encompasses various methodologies for simulating the cou-
pled behaviour of multiphase fluids and solid structures, which is critical in numerous en-
gineering and scientific applications. These interactions become particularly complex in
multiphase scenarios, where different fluid phases (such as liquid, gas, and particles) exert
varying forces and moments on the structure. This complexity can significantly influence
the dynamics of the system, affecting factors such as stability, performance, and material in-
tegrity. FSI problems involving multiphase flows phenomena are widely encountered across
automotive and industrial engineering disciplines (e.g., Noise-Vibration-Harshness (NVH)),
chemical engineering (e.g., mixing of different fluids in reactors), environmental engineering
(e.g., sediment transport in rivers), and biomedical engineering (e.g., the behavior of blood
flow in the presence of air bubbles or emboli). The accurate modeling of these interactions
is essential for predicting the behavior of the system under diverse operating conditions.
Various methodologies, including fully coupled (monolithic) methods, partitioned methods,
weak coupling, and strong coupling, are employed to tackle these challenges, each with its
own set of advantages and limitations. As computational resources expand and numerical
techniques evolve, the capability to simulate multiphase FSI with greater precision contin-
ues to advance, empowering engineers and researchers to develop more effective and resilient
systems.

36



Chapter 2: BACKGROUND AND LITERATURE REVIEW

Fully Coupled (Monolithic) Methods

Fully coupled methods solve fluid and structural equations simultaneously within an inte-
grated computational framework, treating the interaction as a single problem. This approach
provides high accuracy and robustness by accounting for the complex nonlinear behaviors of
both fluid and structure. However, it is computationally intensive and requires sophisticated
algorithms, making implementation more challenging.

Partitioned Methods

Partitioned methods divide the FSI problem into independent fluid and structure sub-
problems, solving each sequentially or iteratively. This flexibility allows for the use of spe-
cialized solvers for each component, which can be optimized separately. While this method
reduces the initial computational cost and allows for scalability, it may encounter conver-
gence issues and requires careful treatment of the interface to ensure accuracy. Weak and
strong coupling can occur within both fully coupled (monolithic) methods and partitioned
methods, but they have different implications depending on the context. In partitioned meth-
ods, weak coupling implies minimal interaction, while strong coupling means frequent data
exchanges. In fully coupled methods, strong coupling is inherent due to simultaneous solving
of the fluid and structural equations. Understanding these methodologies allows for better
selection in engineering applications involving fluid-structure interactions.

Weak Coupling

Weak coupling features a loose interaction between fluid and structure, where data exchange
occurs infrequently, typically at larger time intervals. This approach reduces computational
effort and simplifies implementation, making it easier to utilize existing solvers. However, it
can lead to inaccuracies in scenarios with strong interactions, as it does not fully account for
the fluid’s effect on the structure or vice versa.

Strong Coupling

Strong coupling involves a tight interaction with frequent data exchange between fluid and
structure solvers, allowing for a more accurate representation of their dynamics. This method
enhances accuracy and convergence in highly dynamic systems, but it also significantly in-
creases computational demands and complexity in implementation due to the need for close
coordination between solvers.
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2.2 Past Research Overview

2.2.1 Literature Review - Lagrangian Differencing Dynamics (LDD)

The theoretical foundation of the Lagrangian Differencing Dynamics (LDD) method was
established by Bašić et al. [39], who introduced meshless renormalized Laplacian operators
for the solution of boundary value problems. This foundational work laid the groundwork
for a novel class of Lagrangian meshless methods capable of simulating free surface flows
with high accuracy and computational efficiency. The LDD method distinguishes itself fun-
damentally from other established meshless approaches in its underlying design philosophy.
While conventional meshless methods typically prioritise conservation properties first and
subsequently address solution consistency, the LDD method adopts the inverse approach. It
begins with a carefully constructed approximation scheme that guarantees second-order con-
sistency in both gradient and Laplacian operators, which in turn permits the use of a com-
paratively smaller support domain and thereby achieves greater computational efficiency.
Beyond its approximation scheme, the LDD method incorporates several additional distin-
guishing features. A position-based point regularization scheme is employed throughout
the solution process, which is unconditionally stable and inherently preserves conservation
properties. Boundary treatment within LDD requires only a surface mesh, considerably sim-
plifying the handling of boundary conditions relative to traditional meshless approaches.
All governing equations are solved in a fully mesh-free manner, with the implementation
fully parallelized on both GPU and CPU architectures, enabling maximum computational
throughput and scalability to large-scale problems. The solution procedure within a single
time step of the LDD method commences with the Lagrangian advection of computational
points, wherein each point is displaced in space according to its instantaneous velocity. The
volumetric compressibility issues inherent to Lagrangian advection are addressed through
the Particle-Based Dynamics (PBD) technique [40], which iteratively corrects the spatial
positions of points by enforcing uniform inter-neighbour distances, thereby maintaining a
regular and well-conditioned point distribution throughout the simulation. Following the reg-
ularization step, the Pressure Poisson Equation (PPE) is discretized using the renormalized
discrete differential operators introduced in [41], and subsequently solved using a precondi-
tioned BiCGSTAB linear solver, as described in [40]. The capabilities of the LDD method
were progressively demonstrated and extended through a series of subsequent studies. Bašić
et al. [42] applied the LDD framework to sloshing simulations, demonstrating its capability
to accurately capture complex free surface dynamics in confined fluid domains. The method
was further extended to the prediction of green water loadings, demonstrating its suitabil-
ity for maritime engineering applications involving wave impact events and hydrodynamic
fluid loadings on structures. Subsequent refinements to the incompressible flow formula-
tion broadened the scope of the method to a wider range of fluid flow scenarios [43]. Bašić
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et al. [44] investigated the coupling of the LDD method with structural analysis solvers,
integrating a meshless non-Newtonian fluid flow solver within a structural mechanics frame-
work, demonstrating the method’s versatility in handling fluid-structure interaction problems
involving complex rheological behaviour. The application domain of LDD was further diver-
sified by Peng et al. [45], who extended the method to granular flow modelling, expanding
its utility beyond conventional fluid simulations to encompass particulate and granular ma-
terials. Recent contributions by Paneer et al. [46, 47] have advanced the LDD framework
in two important directions: the modelling of elastic structural behaviour and the simula-
tion of fluid-structure interactions, respectively. These developments further consolidate the
LDD method as a versatile and high-fidelity computational tool applicable across a broad
spectrum of coupled multiphysics problems. Separately, Johannes et al. [48] developed a
GPU-accelerated finite difference solver employing a generalised Riemann solver approach
for incompressible multiphase flows. This formulation incorporates a dedicated dampening
scheme capable of handling high-density ratios, leveraging the LDD Laplacian operator orig-
inally introduced in [39], thereby extending the reach of the LDD mathematical framework
for multiphase flow solvers.

2.2.2 Literature Review - Multiphase

Multiphase flow dynamics is concerned with the behaviour of immiscible fluid phases sepa-
rated by a deformable interface, which is subject to complex morphological transformations
as the constituent phases evolve. The accurate numerical representation of such interfaces is
of paramount importance across a broad spectrum of engineering and scientific disciplines,
including industrial process engineering, environmental fluid mechanics, and fluid-structure
interaction analysis. Depending on the computational framework adopted, distinctly differ-
ent strategies are employed to capture interfacial dynamics.

Within Eulerian frameworks, in which the governing equations are discretized on a sta-
tionary computational grid, the interface is resolved through specialised tracking or captur-
ing techniques.. The Phase Field method, originally introduced by Cahn and Hilliard [8],
represents the interface implicitly through a continuous scalar field variable that transitions
smoothly between phase properties across a diffuse interfacial zone. This approach is par-
ticularly attractive for modelling phase transitions and interfacial thermodynamics due to its
mathematical elegance and ease of implementation. The Volume of Fluid (VOF) method,
developed by Hirt and Nichols [9], tracks the interface by defining a fractional volume func-
tion within each computational cell, indicating the local proportion of each fluid phase. This
method has an effective balance between numerical accuracy and computational expense,
rendering it a widely utilised approach in engineering simulations that involve moderately
deforming interfaces.The Level Set method, proposed by Osher and Sethian [49], defines the
interface implicitly as the zero isocontour of a signed distance function, providing a geomet-
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rically smooth and topologically flexible representation of the interface. Sussman et al. [10]
subsequently extended the Level Set method to handle two-phase flows with high density
ratios and surface tension effects, significantly improving its applicability to air-water type
flow configurations. The Front Tracking method of Unverdi and Tryggvason [50] takes an
explicit approach, representing the interface through a set of marker points whose positions
are tracked directly throughout the simulation, making it well suited to problems involving
large interfacial displacements. The Conservative Level Set method [51] combines desirable
features of both the VOF and Level Set approaches to simultaneously achieve mass con-
servation and topological flexibility. In more recent work, Theillard et al. [12] developed a
sharp interface formulation for incompressible two-phase flows on adaptive Cartesian grids,
wherein capillary forces are embedded directly within the pressure correction step to pre-
serve numerical stability under complex interfacial conditions. Kamran et al. [52] introduced
a hybrid formulation combining the Extended Finite Element Method (XFEM) with the Par-
ticle Level Set (PLS) method, providing an effective computational strategy for multi-fluid
engineering applications.

In contrast, Lagrangian methods intrinsically formulated to follow the trajectories of in-
dividual fluid particles or parcels, allowing the interface to be captured naturally without
the need for explicit tracking algorithms. Smoothed Particle Hydrodynamics (SPH), inde-
pendently established by Gingold and Monaghan [53] and Lucy [54], is the most widely
adopted Lagrangian method. Within the SPH framework, the fluid domain is discretized into
interacting particles that carry physical properties including density, pressure, and velocity,
with particle interactions governed by a smoothing kernel function. The method handles
large deformations and free surface flows naturally, though numerical instabilities can arise
in multiphase configurations involving sharp interfaces and significant density contrasts. The
Moving Particle Semi-Implicit (MPS) method [55] addresses some of these stability con-
cerns through semi-implicit time integration, offering improved performance in free surface
and multiphase flow simulations. The Element-Free Galerkin (EFG) method [56] solves the
governing equations using nodal representations without relying on a fixed computational
mesh, providing additional flexibility for problems with large deformations. The Particle
Finite Element Method (PFEM) [57] adopts a hybrid approach wherein particles serve as
material points and a finite element mesh is regenerated dynamically at each time step, of-
fering versatility at the cost of increased computational overhead.

Considerable research effort has been directed toward overcoming the limitations of these
methods in multiphase flow contexts. Within the SPH framework, improvements to kernel
functions [58, 59] have enhanced numerical precision and stability in multiphase simula-
tions. Early SPH formulations for flows with density variations [13] have been progres-
sively refined to accommodate particles of non-uniform density, facilitating physically re-
alistic interactions between fluid phases of different properties. These developments have
found application in astrophysical simulations involving mixed-density environments [60].
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Hu and Adams [61] applied SPH to macroscopic and mesoscopic multiphase flows, effec-
tively addressing density contrast and interfacial dynamics. Grenier et al. [62] introduced a
Hamiltonian interface SPH formulation that improved the handling of multi-fluid free surface
problems, while Monaghan et al. [63] formulated a stabilized SPH algorithm for immisci-
ble flows capable of managing high-density ratio interfaces. Rezavand et al. [64] proposed
an incompressible SPH (ISPH) scheme employing repulsive inter-particle forces to preserve
interface sharpness and enhance stability, with subsequent work [65] extending these im-
provements to violent multiphase flow regimes. Shimizu et al. [66] applied ISPH to oil spill
modelling, incorporating turbulence and oil-water mixing effects. Olejnik et al. [67] investi-
gated wetting phenomena within the SPH framework, while Vacondio et al. [68] conducted
a comprehensive assessment of outstanding challenges in SPH, particularly regarding com-
putational efficiency and numerical robustness. Zhang et al. [69] subsequently developed
a multi-scale SPH framework for fluid-structure multiphase interactions, enabling higher-
fidelity computational representations of coupled real-world problems.

Parallel advancements have been made within the MPS framework. Building on the
original formulation of Koshizuka and Oka [55], Duan extended MPS into a dedicated mul-
tiphase framework termed Multiphase MPS (MMPS), specifically formulated to treat fluids
exhibiting pronounced contrasts in viscosity and density. Two stabilization strategies were
introduced within this framework: MMPS-HD, based on harmonic density averaging, and
MMPS-CA, employing continuous acceleration corrections, both aimed at suppressing in-
terfacial instabilities through modified particle interaction schemes [14]. Validation studies
confirmed that MMPS-CA offers superior performance in high-density and high-viscosity ra-
tio configurations.Further enhancements incorporating an improved Laplacian operator with
error-free first-order derivatives were subsequently introduced to address residual instabili-
ties in violent multiphase flow scenarios [70]. A detailed summary of the study on multiphase
systems is presented, along with relevant literature, as shown in the Table 2.3.

2.2.3 Literature Review - Surface Tension and Dynamic Contact Angle

Surface tension constitutes a critical physical mechanism in multiphase flow simulations,
and a variety of numerical methods have been proposed for its effective modelling, each
offering distinct advantages depending on the application. The Continuum Surface Force
(CSF) method treats surface tension as a body force distributed across the interface, enabling
a robust handling of interface dynamics without explicitly tracking the interface position,
which makes it well-suited for simulating complex fluid behaviors in large-scale simula-
tions [26]. In contrast, sharp interface methods directly apply the Young-Laplace equation
to impose pressure jumps across interfaces, making them particularly suitable for scenar-
ios where precise interface tracking and resolution are required, such as in simulations of
droplet dynamics or bubble formation [11]. The Ghost Fluid Method (GFM) applies ghost
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Table 2.3. Summary of study on Multiphase methods and literature reviews.

Method Description

Phase Field Method Uses a continuous field variable to represent the interface as a
diffuse region, allowing a smooth transition between phases [8].

Volume of Fluid (VOF) Tracks the interface using a fractional volume function,
representing the proportion of each fluid in mesh elements [9].

Level Set Method Uses a signed distance function to implicitly characterize the
interface at the zero-level set [49].

Improved Level Set Enhances the original Level Set method for handling
high-density ratios and surface tension effects [10].

Front Tracking Directly tracks the interface using marker points to explicitly
define interface positions [50].

Conservative Level Set Combines VOF and Level Set methods for improved mass
conservation and complex interface dynamics [51].

Sharp Interface Level Set Integrates modified pressure correction and adaptive grids,
incorporating capillary forces into pressure estimation for high

stability [12].

XFEM with Particle
Level Set

Uses extended finite element with particle level set to simulate
multi-fluid flows, handling complex interfaces and boundary

interactions [52].

SPH Particle-based, using smoothing kernels for properties like
density and pressure, suited for free-surface flows and

astrophysics [53, 54, 58, 59, 13, 60, 61, 62, 63, 64, 65, 66, 67,
68, 69].

Moving Particle
Semi-implicit (MPS)

Particle-based method with semi-implicit time stepping,
ensuring stable calculations for incompressible flows with

complex interfaces [55, 14, 70].

PFEM Combines particle and finite element approaches, where particles
represent material points, used for remeshing and solving

governing equations [57].
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cells to enforce discontinuities in variables near the interface, enabling an accurate represen-
tation of abrupt changes in physical properties such as pressure and velocity. This makes
it particularly effective for capturing sharp interface behavior while minimizing numerical
errors near boundaries. [71]. Diffuse Interface Models (DIM) represent the interface as a
smooth transition between phases, effectively avoiding explicit interface tracking while still
capturing interfacial phenomena such as capillary waves and phase separation, making them
ideal for systems where the interface is less distinct or more diffusive in nature [72]. The
Lattice-Boltzmann Method (LBM) introduces surface tension through modified particle in-
teractions, enabling the simulation of complex geometries and fluid behavior in systems with
intricate boundaries, such as porous media or microfluidic devices [73]. Lastly, Smoothed
Particle Hydrodynamics (SPH) employs a meshless approach to calculate surface tension
forces among particles, excelling in scenarios with significant interface deformation, includ-
ing free-surface flows. It is also well-suited for large-scale simulations that require adaptive
resolution and dynamic interfaces. [74]. Each of these methods has its own set of advantages
and trade-offs, making them suitable for different types of multiphase flow problems.

Dynamic contact angle (DCA) models are essential for accurately simulating multiphase
flow systems, especially where wetting dynamics are complex and vary with surface interac-
tions and fluid velocities. The first rigorous description of the contact angle was introduced
by Young in 1805, who described the static contact angle as the equilibrium state of a droplet
on a solid surface, now famously expressed by Young’s Equation [75]. However, Young’s
equation applied only to static, equilibrium conditions, without addressing the concept of
dynamic contact angles. Shortly after, Pierre-Simon Laplace extended the understanding of
capillary action in 1806 by formulating the Young-Laplace equation, which relates the pres-
sure difference across a curved liquid interface to the surface tension [76]. In the early 20th
century, scientists began exploring the contact angle changes as the contact line advances
or recedes. Harkins and Jordan (1930) were among the first to show that the contact angle
varies during the motion of a liquid over a surface, introducing the concept of contact angle
hysteresis, in which the advancing angle exceeds the receding angle [77]. Blake and Haynes
(1969) furthered this by studying liquid-liquid displacement kinetics, focusing on how inter-
facial properties and dynamic contact angles impact fluid movement in capillaries [78]. A
major theoretical breakthrough occurred with Joanny and de Gennes (1984), who proposed
a model for the dynamic contact line. It was demonstrated that the contact angle is governed
not only by surface tension, but also by the velocity of the moving contact line, with increas-
ing velocities leading to greater deviations from the equilibrium contact angle [79]. Charles
Extrand and Alan Shapiro (1995) further advanced the understanding of dynamic wetting
by systematically studying contact angle hysteresis. They observed that when a liquid ad-
vances across a surface, it encounters greater resistance due to surface roughness or chemical
heterogeneity, leading to a larger contact angle. Conversely, during receding, the contact an-
gle is smaller [80]. Another important theoretical advancement came with the Cox-Voinov
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law (1976), which relates the dynamic contact angle to the velocity of the moving contact
line through a logarithmic correction term, particularly useful for low-speed wetting sce-
narios such as in coating flows [81]. Cox extended the model to calculate both advancing
and receding dynamic contact angles by accounting for the capillary number and apparent
contact angle, including physical slip length, thereby improving the representation of vis-
cous forces and surface interactions [31]. Tanner’s empirical correlation (1979) laid one of
the early foundations for describing receding contact angles based on the capillary number,
influencing subsequent models dealing with contact line dynamics in multiphase flow [29].
Kistler’s Model (1993), leveraging Hoffman’s empirical function [28], relates the dynamic
contact angle to the capillary number and static contact angle, widely applied for advanc-
ing angles. Adaptations of this model also allow for the prediction of receding angles [27].
Shikhmurzaev’s Model (1997) links the dynamic contact angle to the contact line velocity
and phenomenological constants, offering versatility for complex fluid behaviors on surfaces
with varying wettabilities [82]. The Dynamic Receding Contact Angle Model (2010), intro-
duced by Nichita et al., extended Kistler’s model to provide a cubic-root function-based
approach for receding contact angles, combining Kistler’s model with Tanner’s correlation
to describe receding behavior in multiphase flow [83]. Yokoi et al. (2009) proposed a model
for dynamic contact angles that describes the angle as a function of contact line velocity,
incorporating capillary and inertia-dominated regimes. Their model uses Tanner’s law for
low velocities and applies maximum/minimum dynamic angles for high velocities, ensuring
asymmetry between advancing and receding phases for more accurate droplet behavior pre-
dictions [33]. The Quasi-Dynamic Contact Angle Model (2015) simplifies the modeling pro-
cess by employing fixed advancing and receding angles based on experimental data. While
less computationally demanding, its accuracy relies heavily on the availability of detailed
experimental data [84]. Snoeijer and Andreotti (2013) introduced the concept of contact line
friction, a molecular-scale interaction that resists the motion of the contact line, providing
a more refined understanding of dynamic wetting by linking microscopic molecular forces
to macroscopic observations [85]. Ludwicki et al. (2022) investigated whether the contact-
line mobility parameter, which describes the relationship between the dynamic contact angle
and contact-line velocity, is a material parameter, using both experimental and numerical
approaches to study binary sessile drop coalescence on various surfaces [34]. These models
and developments have greatly enhanced our understanding of dynamic wetting behavior
in multiphase flow and continue to be integral in improving the accuracy of simulations in
various industrial and scientific applications.

2.2.4 Literature Review - Fluid Structure Interaction (FSI)

Fluid-Structure Interaction (FSI) represents a physically fundamental and technically de-
manding class of problems in which the dynamics of a fluid medium and a deformable or
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rigid structure are mutually coupled, each continuously influencing the behaviour of the
other. The practical relevance of FSI spans a broad spectrum of engineering domains. No-
table examples include the interaction between hydrodynamic wave loads and coastal veg-
etation in wetland environments, and the mechanical interaction between ocean waves and
sea ice in Arctic regions, both of which carry significant implications for coastal flood mit-
igation and the understanding of extreme environmental conditions [86], [87]. In offshore
and maritime engineering, FSI analysis is integral to the structural design and performance
optimisation of offshore installations, wind turbines, and naval vessels [88], where accurate
prediction of fluid-induced loads is essential to ensuring structural integrity and operational
reliability. Incorporating FSI analysis at early design stages allows potential structural vul-
nerabilities to be identified and resolved before manufacturing, thereby avoiding costly mod-
ifications during production or service [89]. FSI is equally important in the hydrodynamic
performance assessment of marine propellers, as demonstrated in recent studies [90], [91].
In such systems, structural damping governs the dissipation of vibrational energy within each
oscillation cycle and plays a determining role in resonance phenomena, directly influencing
vibration amplitudes and the temporal evolution of dynamic responses. While damping ef-
fects are often negligible in lightly damped systems operating away from resonance, they
become the dominant mechanism near resonant frequencies, where the excitation energy is
primarily balanced by dissipation rather than inertial or stiffness forces [92].

Despite its broad relevance, the numerical simulation of FSI problems presents consider-
able challenges, requiring carefully considered assumptions in both the fluid and structural
modelling components. In the majority of CFD simulations, elastic deformation of struc-
tural boundaries is neglected for simplicity [40], while structural analyses conventionally
assume uniform pressure conditions at both interior and exterior boundaries. Paik et al. [93]
addressed this limitation by developing a coupled framework that integrates CFD solvers
with both rigid and elastic ship hull models for the computation of structural loads under
hydrodynamic excitation. Both one-way and two-way coupling strategies were implemented
and compared. In the one-way coupling approach, hydrodynamic forces computed by the
CFD solver are transferred to the structural model for load analysis, but the resulting struc-
tural deformations are not communicated back to the fluid solver. The two-way coupling
approach, by contrast, incorporates structural deformations as updated boundary conditions
within the CFD solution, enabling a fully bidirectional exchange of information between the
two solvers. A URANS/DES overset solver combined with the modal superposition method
was employed in this framework, with a gluing interpolation technique used to transfer forces
and displacements between non-conforming CFD and structural meshes [93].

Extensive methodological developments have been undertaken to manage the complex-
ities inherent in both one-way and two-way fluid–structure interaction (FSI) coupling. The
fully coupled monolithic strategy solves fluid and structural governing equations simulta-
neously within a unified computational framework [94, 95], offers the highest degree of
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physical consistency but introduces significant computational challenges. In particular, con-
ventional CFD solvers are formulated within an Eulerian reference frame, whereas structural
mechanics solvers typically adopt a Lagrangian description of motion. This fundamental
kinematic incompatibility introduces a stiffness mismatch between the fluid and structural
subsystems, rendering the monolithic approach computationally prohibitive for large-scale
or complex configurations [96]. Partitioned methods have consequently gained widespread
adoption as a more practical alternative, solving the fluid and structural subproblems inde-
pendently on separate meshes using dedicated solvers [97]. These methods require robust
interface communication protocols to transfer forces from the fluid to the structure mesh and
return structural displacements to the fluid solver. Mesh-based partitioned solvers addition-
ally require careful management of fluid mesh nodes adjacent to moving boundaries to pre-
vent mesh entanglement or excessive distortion [98], [99]. Recent applications of partitioned
approaches include the coupling of thin-walled girder theory with potential flow formula-
tions [44, 100], and the integration of modal structural solvers with RANS-VOF solvers and
Boundary Integral Equation Methods [101]. The Solid4Foam library, implemented within
the OpenFOAM framework, represents another established tool for partitioned FSI analy-
sis [102, 103].

Meshless partitioned methods offer particular advantages in FSI scenarios involving free
surfaces, violent and highly transient flow conditions, geometrically complex configurations,
and large structural deformations [104]. By eliminating the requirement for mesh regenera-
tion following structural deformation, these methods provide a naturally adaptive framework
for simulating coupled fluid-structure problems. Within this class of methods, FSI is com-
monly realised by coupling Smoothed Particle Hydrodynamics (SPH) with structural solvers
based on the Finite Element Method (FEM) [105, 106, 107] or the Discrete Element Method
(DEM) [108, 109, 110] to compute structural deformation under fluid loading. The transfer
of physical quantities between the fluid and structural solvers remains non-trivial, requiring
careful treatment of the interfacial energy balance [111]. Although the computation of struc-
tural deformation within this meshless framework incurs considerable computational cost, it
generally remains more efficient than the equivalent monolithic formulation.

The Mode Superposition method has attracted growing interest in recent years as a com-
putationally efficient and robust approach for resolving structural deformation within FSI
frameworks. Debrabandere et al. (2012) introduced a reduced-order modeling approach
for fluid–structure interaction (FSI) simulations, in which structural dynamics are described
using modal analysis within a reduced-order framework. The resulting modal equations
are directly integrated into the computational fluid dynamics (CFD) solver through a com-
plementary function and particular solution formulation. This approach has demonstrated
good agreement with benchmark cases and highlights its effectiveness for efficient aeroelas-
tic analysis of deformable structures within turbomachinery systems [112]. Sun et al. (2019)
coupled the Moving Particle Semi-Implicit (MPS) method with modal superposition to sim-
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ulate violent hydroelastic phenomena [113], while Corrado et al. (2020) validated a two-way
CFD-FEM coupling framework against the HIRENASD aeroelastic benchmark case [114].
Modal superposition is valued for its conceptual simplicity and computational efficiency,
though its accuracy degrades in the presence of large structural deformations, as the under-
lying assumptions of linear behaviour and modal orthogonality are violated under conditions
of significant geometric or material nonlinearity. Within its range of validity, however, the
method remains an effective and well-established tool for the dynamic analysis of structures
subjected to time-varying fluid loads [112, 113, 114].

Weak coupling strategies in FSI offer practical advantages in terms of implementation
simplicity and suitability for transient loading scenarios. However, they are subject to in-
herent limitations, most notably numerical stability constraints that necessitate the use of
short time increments, that can significantly reduce computational efficiency for extensive
simulations where the fluid and solid subsystems may operate optimally at different tem-
poral resolutions. The modal superposition approach partially mitigates this constraint by
adding minimal computational overhead to the structural solution step, allowing the struc-
tural time integration to be aligned more closely with the time step requirements of the flow
solver [115], [112], [100].

2.2.5 Literature Review - Heat Transfer and Phase Change

Heat transfer, coupled with buoyancy and phase change phenomena such as melting, so-
lidification, evaporation, and condensation, plays a critical role in diverse engineering ap-
plications and natural systems. Examples include incorporating phase-change heat storage
mechanisms, additive manufacturing, cryogenic cooling technologies, and large-scale pro-
cesses such as climate and geophysical modelling [116, 117]. The accurate representation
of these processes requires resolving the strong coupling between thermal transport, phase
transition kinetics, and multiphase flow behavior across evolving interfaces. However, the
inherent nonlinearity of phase change, together with sharp thermal and density gradients at
the interface, poses long-standing challenges for numerical formulation and computational
analysis. In conventional Eulerian frameworks, heat transfer and phase change are typi-
cally modeled within mesh-based discretization schemes such as the Finite Volume Method
(FVM) and Finite Element Method (FEM). To capture the evolution of the phase bound-
ary, these approaches often employ interface-capturing techniques such as the Level Set and
Volume of Fluid (VOF) methods [8, 9, 49, 10]. In the presence of phase transition, ad-
ditional energy-based formulations are introduced to account for latent heat effects. One
of the most widely used approaches is the enthalpy–porosity method, introduced by Brent
et al. [118], which reformulates the energy equation in terms of enthalpy and models the
partially melted or solidified region as a porous structure featuring spatially varying poros-
ity. Another common approach, the effective heat capacity method [3], implicitly accounts
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for latent heat by altering the specific heat capacity within the phase change temperature
interval, allowing for continuous temperature evolution during the phase transition process.
Classical Stefan problem [119] provides a more explicit representation of the phase bound-
ary as a moving interface, with its velocity determined by the local heat flux and latent heat
balance. However, implementing such sharp interface tracking in Eulerian grids is numeri-
cally demanding, particularly for complex interface topologies and high-density ratios. To
address these challenges, hybrid formulations have been proposed that couple Level Set or
Front Tracking methods with phase change models. For instance, Son and Dhir [120] de-
veloped a Level Set-based framework to simulate film boiling and bubble growth dynamics,
while Juric and Tryggvason [121] incorporated heat transfer and phase transition into a Front
Tracking scheme to model melting and solidification processes. More recent advances, such
as those by Tanguy et al. [122], have focused on sharp-interface formulations that explicitly
impose the discontinuity in thermal and heat flow continuity through the interface, improv-
ing the accuracy of interfacial energy transfer and curvature-driven effects. Despite these
advancements, Eulerian-based approaches remain limited when applied to problems involv-
ing large interface deformations, topological transitions, and complex geometries. Grid dis-
tortion, numerical diffusion, and mass loss near the interface can compromise the fidelity
of simulations, especially in cases involving strong coupling between momentum, energy,
and phase change fields. These limitations have prompted the advancement of meshless
Lagrangian methods, that inherently avoid grid dependency and can naturally capture large
deformations and complex interfacial dynamics. By modeling the fluid region using distinct
particles, these methods enable direct tracking of phase evolution, local heat transfer, and
latent energy transport, offering a promising framework for simulating multiphase systems
with strong thermodynamic and interfacial coupling.

Among meshless approaches, several prominent methods have been developed for multi-
phase flow and phase transition simulations. Smoothed Particle Hydrodynamics (SPH) [53,
54] and the Moving Particle Semi-Implicit (MPS) method [55] are widely employed for
free-surface flows and phase change modelling. Other notable meshless frameworks include
the Element-Free Galerkin (EFG) method [56], Meshless Local Petrov–Galerkin (MLPG)
method [123], Reproducing Kernel Particle Method (RKPM) [124], and Meshless Finite
Difference (MFD) or Generalized Finite Difference (GFD) methods. These approaches ap-
proximate spatial derivatives using scattered nodes rather than structured grids, making them
well-suited for problems involving complex geometries, moving interfaces, and large de-
formations. Classical phase change formulations in meshless contexts include enthalpy-
based methods [125], collocation-based schemes for liquid–vapor transitions [126], and hy-
brid SPH–FEM or SPH–Lattice Boltzmann (LBM) approaches for solidification and melt-
ing [127, 128].

The Generalized Finite Difference Method (GFDM), introduced by Perrone and
Kao [129], has undergone significant advances, including stability enhancements on irreg-
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ular grids [130], radial basis function extensions for solid mechanics [131], and consistent
formulations for conservation laws [132, 133]. More recently, GFDM has been employed
for time-dependent heat transfer in spatially tailored materials [134], inverse thermal source
problems [135], and coupled nonlinear convection–diffusion systems [136], demonstrating
its versatility for complex heat transfer applications.

In meshless formulations, buoyancy forces are introduced as a volume force within the
momentum equation. The most common approach is the Boussinesq approximation, where
density fluctuations are disregarded everywhere except within the gravitational term , re-
sulting in a buoyancy source term proportional to the local temperature deviation. This
yields a buoyancy source term of the form, which has been widely applied in natural convec-
tion studies using Meshless Local Petrov-Galerkin Simulation (MLPG) and Moving Least
Square (MLS) based methods [123, 137]. For cases involving large temperature gradients,
the variable-density formulation is preferred, where density is treated as a temperature-
dependent property and directly coupled into the momentum equations [138]. This approach
has also been adopted in RBF-based meshless methods and SPH variants for simulating
buoyancy-driven turbulent flows, such as continuous casting. In both cases, buoyancy is
strongly coupled with the energy equation, ensuring interaction between thermal and flow
fields. Classical phase change formulations, such as enthalpy-based methods [125], mesh-
free collocation schemes for liquid–vapor transitions [126], and hybrid approaches for solid-
ification [127], have addressed key aspects of latent heat treatment and interface capturing.
Nonetheless, the coupling of temperature evolution, buoyancy effects, and multiphase inter-
actions within a single meshless framework has yet to be fully achieved. This gap limits the
predictive capability of numerical models in scenarios involving strong property contrasts,
steep thermal gradients, and vapor–liquid equilibrium. Despite these advancements, accu-
rately modeling phase change coupled with buoyancy-driven flows remains a challenging
task in meshless formulations. This approach has been widely applied in natural convection
studies using MLPG and Moving Least Squares (MLS)-based methods [123, 137]. However,
in cases involving large temperature gradients or strong phase transitions, a variable-density
formulation becomes necessary, where density is treated as a temperature-dependent prop-
erty and directly coupled with the momentum equations [138].
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2.3 Research Gaps and Implications

The literature review reveals several critical gaps that motivate the developments in this the-
sis:

2.3.1 Identified Gaps

Fluid-Structure Interaction: Efficient Lagrangian-Lagrangian coupling strategies are un-
derexplored. Modal superposition methods, despite proven efficiency in mesh-based FSI, re-
main largely uncombined with meshless fluid solvers, missing opportunities for direct force
transfer without mesh mapping.

Lagrangian Multiphase Methods: Existing SPH and MPS approaches face a funda-
mental trade-off between interface sharpness and numerical stability. Repulsive force meth-
ods introduce non-physical forces, while color function approaches suffer interface smear-
ing at high density ratios (>100:1). Standard formulations lose second-order consistency
at discontinuous property fields, and particle regularization techniques do not account for
phase-specific material properties.

Phase Change and Interfacial Physics: Meshless methods lack robust frameworks for
energy-conserving phase change with moving interfaces. Surface tension models adapted
from Eulerian methods (e.g., CSF) face challenges in curvature computation on irregular
particle distributions. Dynamic contact angle models accounting for velocity and tempera-
ture dependence are rarely implemented in particle methods.

Buoyancy-Driven Thermal Flows: Lagrangian methods struggle to maintain hydro-
static balance in stratified fluids, leading to spurious velocities in natural convection prob-
lems. When coupled with phase change, the multi-scale density variations from thermal
gradients and compositional differences require systematic treatment currently absent from
existing approaches.

Unified Multiphysics Framework: No existing Lagrangian method simultaneously pro-
vides sharp multiphase interfaces, coupled heat transfer and phase change, accurate inter-
facial phenomena modeling, buoyancy effects, and efficient FSI—all within a consistent
second-order accurate scheme.

2.3.2 Thesis Implications

This implication addresses these gaps through the following advancements:

1. Modal FSI with direct Lagrangian coupling, enabling efficient weakly coupled sim-
ulations through direct particle-to-modal force transfer in LDD

2. Multiphase LDD (MP-LDD) with variable coefficient Laplacian operator main-
taining second-order consistency across discontinuous property fields, and Atwood
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number-based particle regularization for sharp interfaces at density ratios as high as
1000:1.

3. Surface tension and dynamic contact angle models adapted for MP-LDD.

4. Energy-conserving phase change module with implicit thermal heat formulation,
and integrated treatment of latent heat effects.

5. Hierarchical Buoyancy Modeling Framework (HBMF) achieving machine-
precision hydrostatic balance and multi-scale density treatment for thermal and com-
positional variations.

6. Comprehensive validation through 25+ benchmark cases spanning multiphase flows,
phase change, capillary flows, natural convection, and FSI, with demonstrations of
coupled multiphysics capabilities.

These developments establish a unified computational framework for complex multi-
physics problems involving simultaneous multiphase flow, heat transfer, phase change, in-
terfacial effects, and structural interaction.
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3 LAGRANGIAN DIFFERENCING DYNAMICS

This chapter introduces the foundational Lagrangian Differencing Dynamics (LDD) method
that serves as the basis for all developments in this thesis. As a meshless Lagrangian frame-
work, LDD is designed for simulating incompressible fluid flows, characterized by its unique
discretization scheme that ensures second-order consistency for spatial derivatives.

3.1 Governing Equations for Incompressible Flow

Within the LDD framework, the incompressible Navier-Stokes equations are solved in strong
form through a Lagrangian formulation, grounded in the Generalised Finite Difference
Method (GFDM). The governing system for incompressible flow comprises two key rela-
tions: the continuity equation (2.1) and the momentum equation (2.2) for LDD framework:

∇ ·u = 0 in Ω∪Γw ∪Γ f s (3.1)

Du
Dt

=−1
ρ

∇p+ν∇
2u+g in Ω (3.2)

where Ω denotes the fluid domain, Γw represents wall boundaries, and Γ f s denotes free
surfaces. Boundary conditions include:

u = U on Γw (3.3)

p = patm on Γ f s (3.4)

where U denotes the prescribed wall velocity and patm refers to the atmospheric pressure.

3.1.1 Pressure Velocity Decoupling

To separate the pressure and velocity fields, the LDD method makes use of a projection-based
approach. The resulting Pressure Poisson Equation (PPE) is obtained by applying the diver-
gence operator to the momentum equation and subsequently imposing the incompressibility
condition:
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∇
2 p =−ρ∇ · Du

Dt
in Ω (3.5)

with boundary conditions:

n ·∇p = ρn ·
[
−Du

Dt
+g+ν∇

2u
]

on Γw (3.6)

p = patm on Γ f s (3.7)

here n represents the unit normal vector directed outward from the boundary surface.

3.2 Discretization Techniques

The LDD method discretizes the problem domain through a collection of Lagrangian par-
ticles (points) that advect with the local fluid motion. Each particle i located at position
ri carries physical quantities such as velocity, pressure, and other field variables. The key
feature of LDD is its unique approximation scheme for spatial derivatives based on renor-
malization tensors.

3.2.1 LDD Approximation

LDD is a meshless numerical scheme that operates under the Lagrangian paradigm, rooted
in the GFDM. Rather than relying on a structured mesh, the fluid domain is represented by
an unstructured cloud of computational points, each carrying local field quantities such as
pressure and velocity, with no predefined connectivity between them. A fundamental dis-
tinction between LDD and particle-based methods such as SPH is that these computational
points carry no associated mass or volume; they function solely as locations at which field
properties are defined and evaluated. The physical quantities at each point are computed
through weighted contributions from neighbouring points residing within a prescribed com-
pact support radius h, as shown in Figure 3.1. The contribution of each neighbouring point
is determined by a smoothing kernel function evaluated at the inter-point distance r.
For this work, the compact support radius is set within the range 1.8∆r to 2.2∆r, where ∆r

denotes the characteristic inter-point spacing. A larger compact radius incorporates contri-
butions from a greater number of neighbouring points, which promotes numerical stability
at fluid interfaces in complex flow configurations. The kernel function used in LDD takes a
cubic spiky form, given by:

W (r,h) =
(

1−
(

0.4× r
h

))3
0 ≤ r ≤ h (3.8)
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Figure 3.1. Neighbouring points within a defined compact radius(h).

⟨ f (x)⟩i = ∑
j

ψi j(ri j,h) f (x j) (3.9)

where ri j = ∥x j − xi∥ = ∥xi j∥ is the Euclidean distance between points i and j, xi and x j

are the spatial coordinates of points i and j respectively, and xi j is the vector connecting
them. The coefficient 0.4 appearing in the weighting function is introduced to prescribe a
compact support radius of 2.5h. With this choice, the kernel satisfies W = 0 at r = 2.5h,
since 1−0.4(r/h) becomes zero at that distance. The parameter therefore does not represent
an additional physical constant, but rather a convenient scaling used to define the maximum
extent of the local neighbourhood over which particle interactions are evaluated. The nor-
malised weighting fraction ψi j assigned to neighbouring point j is given by:

ψi j(x) =
W (ri j,h)

∑ j W (ri j,h)
(3.10)

The accuracy of the LDD method hinges on the quality of its first and second-order spatial
approximations, particularly the gradient and Laplacian operators. As established in Bašić
et al. [39], both the gradient operator with first-order consistency and the Laplacian operator
with second-order consistency are derived directly from the kernel function itself, rather than
from its spatial derivatives as is conventional in SPH-based formulations.
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3.2.2 Gradient Operator

The gradient of a scalar field f at point i is approximated using the weighted contributions
of neighbouring points j within the compact support radius h:

⟨∇ f ⟩i = Bi ∑
j∈Ni

Wi jri j( f j − fi) (3.11)

where Ni denotes the set of neighbouring points of point i within radius h, ri j = r j − ri is
the relative position vector between points i and j, Wi j = W (ri j,h) is the kernel weighting
function evaluated at distance ri j = |ri j|, and Bi is the renormalization tensor that enforces
second-order consistency of the gradient approximation. The renormalization tensor is con-
structed as:

Bi =

(
∑

j∈Ni

Wi jri j ⊗ ri j

)−1

(3.12)

where ⊗ denotes the outer tensor product of two vectors. The Equation (3.11) follows from
a first-order Taylor expansion of f j about point i,

f j − fi = ri j ·∇ fi +O(∥ri j∥2). (3.13)

Multiplying by the weighted vector Wi jri j and summing over the neighbouring set gives

∑
j∈Ni

Wi jri j( f j − fi)≈

(
∑

j∈Ni

Wi jri j ⊗ ri j

)
∇ fi. (3.14)

Inverting the local second-moment matrix therefore yields Equation (3.11). The tensor Bi

is thus a renormalization tensor that corrects the gradient approximation for anisotropy and
irregular spacing of the local point cloud.

3.2.3 Laplacian Operator

The discrete Laplacian operator at point i is approximated as:

⟨∇2 f ⟩i =
2d ∑ j∈Ni

Wi j( f j − fi)(1− ri j ·Bioi)

∑ j∈Ni
Wi j(1− ri j ·Bioi)∥ri j∥2 (3.15)

where d is the spatial dimensionality of the problem (2 or 3), and oi is the offset vector
defined as:

oi = ∑
j∈Ni

Wi jri j (3.16)

The offset vector accounts for non-uniformities in the local point distribution and ensures
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consistency of the Laplacian approximation even for irregular point clouds. Together, the
symmetric renormalization tensor Bi and the offset vector oi characterise the local geometric
arrangement of the point cloud and additionally serve as indicators for the identification of
free surface points within the LDD framework.

The Equation (3.15) is obtained from the second-order Taylor expansion of f j about point
i,

f j − fi = ri j ·∇ fi +
1
2

rT
i j(∇

2 f )iri j +O(∥ri j∥3). (3.17)

Under the assumption that the local support is sufficiently isotropic, the quadratic term
may be related to the scalar Laplacian by

rT
i j(∇

2 f )iri j ≈
∥ri j∥2

d
∇

2 fi, (3.18)

so that
∇

2 fi ≈
2d

∥ri j∥2

[
( f j − fi)− ri j ·∇ fi

]
. (3.19)

The remaining difficulty is that the exact gradient is not known and must itself be approx-
imated from the local point cloud. Using the renormalized gradient operator, Multiplying by
Wi j and summing over all neighbours gives. Then the Equation (3.19) becomes

∇
2 fi ∑

j∈Ni

Wi j∥ri j∥2 (1− ri j ·Bioi
)
≈ 2d ∑

j∈Ni

Wi j( f j − fi)
(
1− ri j ·Bioi

)
. (3.20)

The correction associated with neighbour asymmetry may be written compactly through
Bioi. Finally, dividing both sides by the denominator gives

⟨∇2 f ⟩i =
2d ∑ j∈Ni

Wi j( f j − fi)(1− ri j ·Bioi)

∑ j∈Ni
Wi j(1− ri j ·Bioi)∥ri j∥2 . (3.21)

For a perfectly symmetric neighbour cloud, the weighted first-order term cancels under sum-
mation. In a general irregular point distribution, however, this cancellation is incomplete.
The resulting asymmetry is measured by the offset vector oi = ∑ j∈Ni

Wi jri j, which vanishes
only for a locally balanced support. The quantity Bioi therefore represents the renormalized
geometric bias of the neighbour cloud, and the factor (1− ri j ·Bioi) acts as a correction that
suppresses the residual first-order error in the Laplacian estimate.

3.2.4 Weighting Function

The cubic spiky kernel adopted as the weighting function in LDD is defined as:

W (ri j,h) =


(
1−
(
0.4× ri j

h

))3 if ri j ≤ h

0 if ri j > h
(3.22)
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This kernel possesses compact support, continuity, and positive definiteness, all of which are
properties that contribute to the numerical stability and accuracy of the spatial discretization.

3.3 Pressure Poisson Equation Solution

Applying the LDD differential operators to discretize the pressure Poisson equation in space
produces a sparse system of linear equations of the form:

Ap = b (3.23)

where A denotes the sparse coefficient matrix generated by the discretization of the Laplacian
operator, p refers to the vector of unknown pressure values at all computational points, and b
is the right-hand side vector constructed from the velocity material derivative together with
the imposed boundary conditions. The resulting system is solved using a matrix-free pre-
conditioned Biconjugate Gradient Stabilized (BiCGSTAB) iterative solver [139], which pro-
vides a computationally efficient and low-memory approach well-suited to the large sparse
systems encountered in realistic flow simulations.

3.4 Particle Based Dynamics (PBD)

A persistent challenge in Lagrangian numerical methods is the maintenance of a regular
and well-distributed spatial arrangement of computational points throughout the duration of
the simulation. As points are advected with the local fluid velocity, they tend to accumu-
late in regions of convergent flow and become sparsely distributed in regions of divergent
flow. This progressive deterioration of point regularity degrades the accuracy of the spa-
tial differential operators and can ultimately give rise to numerical instabilities. The LDD
method addresses this challenge through the Position Based Dynamics (PBD) technique, a
constraint-based regularization approach originally developed within the computer graph-
ics community, which iteratively enforces uniform inter-point spacing to maintain a well-
conditioned point distribution throughout the simulation.

3.5 Boundary Condition

The LDD method employs surface mesh elements in three dimensions and line elements in
two dimensions, from which boundary or solid points are generated along structural surfaces.
To enforce boundary conditions, fluid points located near a wall are orthogonally projected
onto the closest boundary element, where a corresponding solid point is then placed. The
boundary conditions are enforced directly at these solid points, ensuring accurate representa-
tion of wall constraints with respect to the true boundary geometry. The projection procedure
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involves computing the orthogonal projection of a fluid point x onto a line segment AB by
first defining the vectors rAX = x− xA and rAB = xB − xA, where xA and xB are the posi-
tion vectors of the boundary segment endpoints A and B respectively. The scalar projection
parameter e is evaluated as:

e =
rAX · rAB
rAB · rAB

(3.24)

When 0 ≤ e ≤ 1, the projected point xp falls within the boundary segment AB and its position
is computed as:

xp = xA + erAB (3.25)

3.6 Time Integration

Lagrangian advection within the LDD method is carried out through an Adams-Bashforth 2
(AB2) extrapolation, [140]. The position of each computational point i is updated at every
time step according to:

xn+1
i = xn

i +dxn+1
i (3.26)

where the displacement increment dxn+1
i is computed via a Lagrangian advection approach

with second-order accuracy, following the formulation in [141]:

dxn+1
i =

[
1.5un

i −0.5un−1
i

]
δt (3.27)

In this formulation, the displacement at time level n+1 is computed as a linearly weighted
blend of velocities from the current time level n and the preceding time level n− 1, with
coefficients of 1.5 and 0.5 respectively. The larger weighting assigned to the current ve-
locity reflects the second-order extrapolation character of the AB2 scheme. As an implicit
method, this formulation supports larger time steps than explicit schemes, improving com-
putational throughput without sacrificing second-order temporal accuracy, making it well-
suited to problems demanding both numerical stability and precision [142].

3.7 Auto Time Stepping

The simulation employs an adaptive time-stepping strategy governed by the Lagrangian
Courant-Friedrichs-Lewy (LCFL) condition [143],whereby the time step is continuously ad-
justed as:

LCFL = δt∥∇u∥∞ (3.28)
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This condition controls the time step size through the maximum local deformation rate in
the flow, measured via the L∞-norm of the velocity gradient tensor. A key distinction of
the LCFL condition relative to its classical Eulerian counterpart is that it carries no explicit
dependence on the spatial distribution of the computational points. This characteristic grants
the Lagrangian time stepping criterion greater flexibility, permitting larger time steps than
those mandated by the more restrictive Eulerian CFL condition under equivalent flow condi-
tions.

3.8 Summary

This chapter has presented the foundational LDD method, which provides the basis for the
multiphase, FSI and phase change extensions developed in this thesis. The key features of
the LDD method include:

• Construction of second-order spatially consistent gradient and Laplacian operators
through the use of renormalization tensors

• Direct operation on surface meshes

• Efficient PBD-based point-cloud regularization

• Robust pressure-velocity coupling through the projection method

• Suitability for complex geometries, free surfaces, and large deformations

The subsequent chapters build upon this foundation to address fluid-structure interaction,
multiphase flows with sharp interfaces, heat transfer and phase change phenomena.
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4 FLUID STRUCTURE INTERACTION WITH
MODAL COUPLING

This chapter presents the fluid-structure interaction (FSI) framework developed within the
Lagrangian Differencing Dynamics method. The coupling strategy employs modal superpo-
sition techniques to achieve efficient weakly coupled simulations that leverage the inherently
Lagrangian nature of both the fluid solver and structural motion. Unlike traditional mesh-
based FSI approaches that require complex mesh deformation or remeshing procedures, the
proposed method enables direct force transfer from particle distributions to modal coordi-
nates without intermediate mesh mapping operations.

The subsequent sections of this chapter are organised as follows: Section 4.1 estab-
lishes the theoretical foundation of modal superposition for structural dynamics, including
the derivation of modal equations of motion and the Complementary Function and Particular
Integral (CFPI) integration scheme. Section 4.3 details the coupling methodology, describing
the workflow for integrating the modal solver with the LDD fluid solver and the procedures
for force transfer and mesh deformation.

4.1 Mode Superposition

Structural dynamics problems involving time-varying loads are commonly addressed
through the method of modal superposition, which approximates the full dynamic response
by combining a selected subset of vibration modes derived from a preliminary modal analy-
sis. Each vibration mode is characterised by two quantities: an eigenfrequency, representing
the rate of free oscillation of the system in the absence of external forcing, and a mode shape
vector, describing the relative spatial deformation pattern associated with that frequency.
These modal properties carry significant practical relevance in the analysis and design of
structures subjected to dynamic loading. The modal superposition technique offers substan-
tial reductions in computational cost relative to direct time integration of the full system,
provided the structural behaviour remains linear [44, 46]. Its range of applicability is, how-
ever, confined to problems where the dominant excitation frequencies are well below the
higher modal frequencies of the structure [114, 112].

For a discretized structural system, the equation of motion can be expressed in matrix
form as:

61



Chapter 4: FLUID STRUCTURE INTERACTION WITH MODAL COUPLING

Mü+Cu̇+Ku = f (t) (4.1)

Here M, C, and K are the N ×N mass, damping, and stiffness matrices respectively, assem-
bled through spatial discretization of the structural domain, where N is the total number of
degrees of freedom. The nodal displacement vector is denoted u, and f (t) is the externally
applied load vector. Mass normalisation is applied throughout so that the modal mass is unity
for every mode, which simplifies the evaluation of modal participation factors.

The eigenfrequencies and mode shapes entering the superposition are extracted by solv-
ing the undamped free vibration problem posed as an eigenvalue problem:

(−ω
2M+K)Φ = 0, Φ , 0 (4.2)

The columns of the modal matrix Φ = {Φ1,Φ2, . . . ,Φn} contain the n mode shape vectors of
the system. Structural discretization and solution of Equation (4.2) are carried out using the
FEM. Eigenvalue extraction algorithms fall into two broad families: transformation methods,
which convert the problem into a standard form amenable to bulk extraction, and tracking
methods, which isolate eigenvalues one at a time through iteration. The present study adopts
the Lanczos algorithm, which draws on characteristics of both families. Mode shapes are
scaled under the mass normalisation convention, whereby each mode shape satisfies unit
modal mass, ensuring consistency across modes in the subsequent superposition.

Having obtained the modal basis, the nodal displacement field is projected onto the modal
coordinates through the expansion:

u(t) =
n

∑
i=1

Φyi(t) (4.3)

where y(t) collects the generalised or modal displacements. In practice, only the lowest few
modes are retained, as higher modes typically contribute negligibly to the response under
low-frequency excitation. Substituting Equation (4.3) into Equation (4.1) and premultiplying
by Φ

T gives:

Φ
T MΦÿ(t)+Φ

TCΦẏ(t)+Φ
T KΦy(t) = Φ

T f (t) (4.4)

Decoupling this system into n independent single-degree-of-freedom equations requires di-
agonalisation of the damping term. This is achieved by adopting the Rayleigh proportional
damping hypothesis, expressing the damping matrix as:

C = aKK +aMM (4.5)

where aM and aK are scalar coefficients controlling the mass-proportional and stiffness-
proportional contributions to damping respectively. Exploiting the orthogonality of the mass-
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normalised mode shapes reduces the coupled system to n decoupled equations, one per re-
tained mode:

ÿi(t)+2ωiζiẏi(t)+ω
2
i yi(t) = Φ

T
i f (t) (4.6)

The scalar ζi is the modal damping ratio for mode i, measuring the fraction of critical damp-
ing present in that mode. Any time integration scheme may be applied to advance Equa-
tion (4.6). In the present work the Complementary Function and Particular Integral (CFPI)
method is selected [112], decomposing the solution into a homogeneous complementary part
and a forced particular part.

The complementary solution reads:

yt = yt−1 ·E ·
(

C+
ζ

s
·S
)
+ ẏt−1 ·E · 1

ωn · s
·S

ẏt = ẏt−1 ·E ·
(

C− ζ

s
·S
)
− yt−1 ·E · ωn

s
·S

(4.7)

where yt , ẏt denote modal displacement and velocity at the current time step, and yt−1, ẏt−1

are the corresponding quantities from the preceding step.
The particular solution reads:

yt =−E ·Ft−1 ·
(

ζωnδt +2ζ2 −1
ω2

nW
·S +

ωnδt +2ζ

ω3
nδt

·C
)

+Ft−1 ·
2ζ

ω3
nδt

+E ·Ft ·
(

2ζ2 −1
ω2

nW
·S +

2ζ

ω3
nδt

·C
)
+Ft ·

ωnδt −2ζ

ω3
nδt

ẏt = E ·Ft−1 ·
(

ζi +ωnδt
ωn ·wts

·S +
1

ω2
nδt

·C
)
−Ft−1 ·

1
ω2

nδt

−E ·Ft ·
(

ζi

ωn ·wts
·S +

1
ω2

nδt
·C
)
+Ft ·

1
ω2

nδt

(4.8)

The auxiliary coefficients appearing in both solutions are:

s =
√

1−ζ2, W = ωn ·δt · s, E = exp(−ζ ·ωn ·δt), S = sin(W ), C = cos(W )

(4.9)
The total modal response at each step is the sum of the two contributions. The CFPI scheme
is preferred over the Newmark-beta method in this context because it has been shown to ac-
cumulate smaller numerical errors when resolving high-frequency modal oscillations [112].
A further practical benefit is that each modal equation is advanced independently using only
its own displacement and velocity, so the structural integration can proceed at a time step en-
tirely decoupled from the constraints imposed by the fluid solver. High-frequency structural
content can therefore be accurately captured regardless of the fluid time step size.
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4.2 Force Transfer from Fluid to Structure

At each coupling step, the fluid load acting on the deformable structure is evaluated at the
structural surface vertices by interpolating the surrounding LDD pressure field to the vertex
locations and converting the resulting pressure into discrete nodal forces. Let xv

i denote the
position of structural vertex i, ni its outward unit normal, and Ai its associated representa-
tive surface area. The pressure-induced force transferred from the fluid to the structure is
approximated as

F f
i = p∗i Aini, (4.10)

where p∗i is the fluid pressure interpolated to the structural vertex location.
The interpolated pressure is obtained from neighbouring fluid points located within a

prescribed interpolation radius around the structural vertex. Denoting the neighbouring set
by N v

i , the interpolated pressure is computed as a weighted average,

p∗i =
∑ j∈N v

i
Wi j p j

∑ j∈N v
i

Wi j
, (4.11)

where p j is the pressure at fluid point j and Wi j is the interpolation kernel evaluated from the
distance between the structural vertex and the neighbouring fluid point. In this manner, the
fluid pressure field is projected onto the structural surface in a meshless and locally weighted
form.

To ensure that the applied force acts consistently with the local body orientation, the sign
of the interpolated pressure force is adjusted using the relative arrangement of the neighbour-
ing fluid points and the structural surface normal. This correction ensures that the transferred
traction is directed inward or outward in a manner consistent with the physical pressure load-
ing on the body surface.

Accordingly, the total discrete force vector applied to the structural model is assembled
from the set of nodal forces F f

i evaluated over all structural surface vertices. These nodal
forces are then used as the external forcing input to the modal structural equations of motion.

In the present implementation, only the pressure contribution to the fluid traction is
included in the force transfer procedure. Thus, the structural forcing is approximated as
pressure-dominated loading, and the viscous shear contribution is neglected. In continuum
form, the complete fluid traction would be written as

t f =
(
−pI+σ

visc)n, (4.12)

where σvisc denotes the viscous stress tensor. In the current formulation, only the −pn com-
ponent is transferred to the structure. This approximation is appropriate for the validation
cases considered in this thesis, where the dominant structural response is governed primar-
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ily by hydrodynamic pressure loading. The inclusion of viscous shear transfer constitutes a
natural extension of the present coupling framework and is left for future work.

4.3 Methodology

The FSI framework couples the modal superposition formulation of Section 4.1 with the
LDD fluid solver through a two-way weakly coupled scheme. At every fluid time step,
Equation (4.6) is advanced independently for each retained mode using the CFPI integrator,
producing a set of generalised displacements y(t). The physical deformation field is then
recovered via Equation (4.3) and imposed on the fluid mesh, so that the subsequent fluid
solution reflects the updated structural geometry and yields revised pressure and velocity
fields [112]. The modal basis, encompassing the natural frequencies and mass-normalised
mode shapes of the structure, is determined independently prior to the commencement of the
CFD computation, either through analytical expressions or via a dedicated modal analysis
solver.

The coupled solution procedure is summarised in Figure 4.1 and proceeds through the
following steps:

1. Compute mass-normalised mode shapes and natural frequencies ω1,ω2, . . . ,ωn in the
pre-processing stage.

2. Set initial and boundary conditions, including any prescribed initial structural displace-
ment.

3. Where the fluid and structural meshes do not share a conforming interface, construct
Radial Basis Function (RBF) interpolants to map mode shape data from the structural
mesh onto the fluid mesh [144].

4. At each time step δt:

(a) Compute the fluid pressure forces acting on the structural surface.

(b) Advance Equation (4.6) for each mode using the CFPI method.

(c) Reconstruct the global displacement via Equation (4.3) and update the mesh ge-
ometry accordingly.

(d) Advance the fluid solver on the updated deformed geometry to recover the flow
field solution at time t +δt.

In the pre-processing stage, the modal basis is assembled and supplied to the LDD solver
alongside the prescribed initial and boundary conditions of the problem. RBF interpolation
is invoked only when mesh non-conformity requires projection of the mode shapes onto fluid
mesh nodes. Within each time step, pressure forces extracted from the fluid solution drive
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Figure 4.1. Flowchart of the LDD-based FSI solver illustrating the weakly coupled modal
integration procedure.

the modal integrator, which returns updated generalised displacements. These are projected
back onto physical space to deform the mesh, and the fluid solver is then advanced on the
updated geometry to close the coupling loop.

4.4 Numerical Procedure of the Modal Superposition
Method

4.4.1 Step 1: Governing Dynamic Equation

The governing system of Equation (4.1), comprises of M, C, and K as the N×N mass, damp-
ing, and stiffness matrices respectively. For large values of N, direct solution of this system
becomes computationally prohibitive since it constitutes a coupled set of N ordinary differ-
ential equations. Consequently, the application of modal superposition aims to decouple the
equations, thereby improving computational efficiency.
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4.4.2 Step 2: Eigenvalue Problem (Undamped Free Vibration)

Setting f (t) = 0 and C = 0, and assuming a harmonic solution u(t) = Φeiωt , substitution into
Equation (4.1) gives:

M
(
−ω

2
Φ
)
eiωt +KΦeiωt = 0 (4.13)

Dividing through by eiωt , 0 yields the generalised eigenvalue problem:

(
−ω

2M+K
)
Φ = 0, Φ , 0 (4.14)

Solving Equation (4.14) yields n eigenvalues ω2
1,ω

2
2, . . . ,ω

2
n (natural frequencies) and

n corresponding eigenvectors Φ1,Φ2, . . . ,Φn (mode shapes), which are assembled into the
modal matrix:

Φ =
[

Φ1, Φ2, . . . , Φn
]

(4.15)

4.4.3 Step 3: Mass Normalisation and Orthogonality

Mode shapes are scaled so that the modal mass equals unity for each mode i:

Φ
T
i MΦi = 1 (4.16)

A fundamental consequence of the eigenvalue problem is the orthogonality of mass-
normalised mode shapes:

Φ
T
i MΦ j = ai j, Φ

T
i KΦ j = ω

2
i ai j (4.17)

where ai j is the Kronecker delta. In matrix form, Equations (4.16)–(4.17) become:

Φ
T MΦ = I, Φ

T KΦ = Ω
2 = diag

(
ω

2
1, ω

2
2, . . . , ω

2
n
)

(4.18)

4.4.4 Step 4: Modal Coordinate Transformation

The physical displacement u(t) is expressed as a linear combination of mode shapes:

u(t) =
n

∑
i=1

Φi yi(t) = Φy(t) (4.19)

where y(t) is the vector of modal coordinates (generalized displacements). This represents a
change of basis from physical space to modal space. Differentiating with respect to time:

u̇(t) = Φ ẏ(t), ü(t) = Φ ÿ(t) (4.20)
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4.4.5 Step 5: Substitution into the Governing Equation

Substituting u = Φy into Equation (??):

MΦÿ(t)+CΦẏ(t)+KΦy(t) = f (t) (4.21)

Pre-multiplying every term by Φ
T :

Φ
T MΦÿ(t)+Φ

TCΦẏ(t)+Φ
T KΦy(t) = Φ

T f (t) (4.22)

Applying the orthogonality relations from Equation (4.18), the mass and stiffness terms
simplify immediately:

ÿ(t)+Φ
TCΦ ẏ(t)+Ω

2y(t) = Φ
T f (t) (4.23)

The damping term Φ
TCΦ is not yet diagonal and must be addressed separately.

4.4.6 Step 6: Diagonalisation of Damping via Rayleigh Proportional
Damping

To decouple the damping term, the Rayleigh (proportional) damping model is adopted, in
which C is written as a weighted combination of M and K:

C = aMM+aKK (4.24)

where aM and aK are the mass- and stiffness-proportional damping coefficients, respectively.
Pre- and post-multiplying by Φ

T and Φ, and using Equation (4.18):

Φ
TCΦ = aM Φ

T MΦ︸    ︷︷    ︸
I

+aK Φ
T KΦ︸    ︷︷    ︸
Ω

2

= aMI +aKΩ
2 = diag

(
aM +aKω

2
i
)

(4.25)

The diagonal matrix in Equation (4.25) is identified with the standard SDOF damping
term 2ζiωi:

2ζiωi = aM +aKω
2
i =⇒ ζi =

aM

2ωi
+

aKωi

2
(4.26)

4.4.7 Step 7: Fully Decoupled SDOF Equations of Motion

Substituting Equations (4.25) and (4.26) back into Equation (4.23), the coupled N×N system
reduces to n independent SDOF equations. For the i-th mode:

ÿi(t)+2ζiωi ẏi(t)+ω
2
i yi(t) = Φ

T
i f (t) (4.27)
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Each mode i is now completely decoupled from all other modes.

4.4.8 Step 8: Solution via the Complementary Function and Particular
Integral (CFPI) Method

Each decoupled equation (4.27) is solved analytically over a single time step δt, assuming
the modal force Fi(t) = Φ

T
i f (t) varies linearly within the step. The following shorthand

coefficients are introduced:

s =
√

1−ζ2
i , W = ωi δt s, E = e−ζiωiδt , S = sin(W ), C = cos(W ) (4.28)

where s is the damped frequency ratio and W is the damped natural frequency scaled by the
time step.

Part A – Complementary Solution (response to initial conditions)

The exact analytical solution to the homogeneous equation is:

y(c)t = yt−1 ·E
(

C +
ζi

s
S
)
+ ẏt−1 ·E · S

ωi s
(4.29)

ẏ(c)t = ẏt−1 ·E
(

C − ζi

s
S
)
− yt−1 ·E · ωi

s
S (4.30)

Part B – Particular Solution (response to linearly interpolated load)

y(p)
t =−E ·Ft−1

(
ζiωiδt +2ζ2

i −1
ω2

i W
S +

ωiδt +2ζi

ω3
i δt

C
)
+Ft−1 ·

2ζi

ω3
i δt

+E ·Ft

(
2ζ2

i −1
ω2

i W
S +

2ζi

ω3
i δt

C
)
+Ft ·

ωiδt −2ζi

ω3
i δt

(4.31)

ẏ(p)
t = E ·Ft−1

(
ζi +ωiδt
ωi W s

S +
1

ω2
i δt

C
)
−Ft−1 ·

1
ω2

i δt

−E ·Ft

(
ζi

ωi W s
S +

1
ω2

i δt
C
)
+Ft ·

1
ω2

i δt
(4.32)

Total Solution at Each Time Step

At time t, the complete modal displacement and velocity are assembled through the super-
position of the complementary function and particular integral solutions:
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yt = y(c)t + y(p)
t , ẏt = ẏ(c)t + ẏ(p)

t (4.33)

4.4.9 Step 9: Recovery of Physical Displacements

Once the modal coordinates yi(t) are obtained for the first m ≪ n significant modes, the
physical displacement field is recovered by the modal superposition:

u(t) =
m

∑
i=1

Φi yi(t) = Φ(m) y(m)(t) (4.34)

where Φ(m) contains only the first m mode shapes retained in the analysis. This truncation is
the key computational saving of the modal superposition method.

4.4.10 Summary of the Mode Superposition Method

The complete derivation proceeds as follows:

1. Start with the coupled N-DOF system (Equation (??)).

2. Solve the generalised eigenvalue problem (Equation (4.14)) to obtain natural frequen-
cies ωi and mass-normalised mode shapes Φi.

3. Exploit the orthogonality of mode shapes (Equation (4.18)) to diagonalise mass and
stiffness.

4. Apply the modal coordinate transformation u = Φy (Equation (4.19)) and pre-multiply
by Φ

T (Equation (4.22)).

5. Introduce Rayleigh proportional damping (Equation (4.24)) to diagonalise the damp-
ing term (Equation (4.25)).

6. Obtain n independent SDOF equations in modal space (Equation (4.27)).

7. Solve each SDOF equation using the CFPI method (Equations (4.29)–(4.33)).

8. Recover physical displacements by superposition (Equation (4.34)).
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5 MULTIPHASE LDD (MP-LDD) WITH SHARP
INTERFACES

This chapter presents the extension of the Lagrangian Differencing Dynamics (LDD) frame-
work to multiphase flows, establishing the foundation for Multiphase LDD (MP-LDD). The
key developments include variable coefficient operators that maintain second-order consis-
tency across discontinuous property fields, a systematic approach to particle regularization
that prevents interpenetration while preserving interface sharpness, and an efficient split-
scheme solver for handling flows with density ratios as high as 1000:1.

The chapter is organized as follows: Section 5.1 introduces the variable coefficient Lapla-
cian operator adapted for multiphase flows with discontinuous density and viscosity fields.
The multiphase pressure and velocity solvers are detailed, demonstrating how a single pres-
sure equation can robustly handle large property ratios. A novel Atwood number-based
position-based dynamics (PBD) regularization scheme is presented, which ensures sharp in-
terface representation without artificial mixing of phases. The split-scheme solution strategy
is described, outlining the sequential coupling of advection, diffusion, and projection steps
within the Lagrangian framework. The complete MP-LDD solver workflow is synthesized
at the end of the chapter, providing a comprehensive view of the numerical implementation
for each time step.

5.1 Multiphase Extension of LDD

The MP-LDD approach, which adapts the LDD framework for multiphase flows, emerges
as a logical and systematic evolution of the single-phase incompressible formulation. The
transition to multiphase flow introduces additional physical complexity, primarily arising
from the presence of density and viscosity discontinuities across fluid interfaces, which must
be handled within the existing LDD approximation architecture.

5.1.1 Variable Laplacian for MP-LDD

To handle spatially varying fluid properties across phase interfaces, a variable coefficient
Laplacian operator is introduced into the MP-LDD framework. Drawing on the formulation
discussed by Gibou et al. [145] and incorporating it into the LDD Laplacian presented by
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Bašić et al. [39], the generalised variable coefficient Laplacian takes the following discrete
form:

⟨∇ · (φ∇ f )⟩i =
2d ∑ j Wi jLi j

(
φi+φ j

2

)(
f j − fi

)
∑ j Wi jLi j∥xi j∥2 (5.1)

This operator serves a dual purpose within MP-LDD: it is employed to evaluate the pressure
Laplacian when fluid phases of differing densities are present, and to compute the velocity
Laplacian in configurations involving spatially varying viscosity.

5.1.2 Multiphase Pressure Solver

Determination of both the pressure and velocity fields across the discretized computational
domain is required to advance the incompressible Navier-Stokes equations in time. The
pressure field is determined by solving the PPE, which following Bašić et al. [39] is expressed
as:

∇ ·
(

∇p
ρ

)
=−(∇ ·u)n − (∇ ·u)n−1

δt
(5.2)

where (∇ ·u)n and (∇ ·u)n−1 are the velocity divergence fields at the current and preceding
time steps respectively, and δt is the time step size. In an incompressible flow the velocity
field must remain divergence-free at all times. Consequently, the divergence at the previ-
ous time step satisfies (∇ ·u)n−1 = 0 exactly. In practice, however, numerical errors intro-
duced during the Lagrangian advection step render (∇ ·u)n non-zero. The role of the PPE is
therefore to determine a pressure field that restores the solenoidal property of the velocity,
reducing the PPE to:

∇ ·
(

∇p
ρ

)
=−(∇ ·u)n

δt
(5.3)

Within the Lagrangian LDD framework, the time step is related to the spatial resolution ∆r

and the local velocity magnitude ∥u∥ through the expression δt = ∆r/∥u∥ as established
in [146]. Substituting this relationship into the PPE yields the following working form eval-
uated at point i:

∇ ·
(

∇p
ρ

)
=−(∇ ·u)n∥u∥

∆r
= bi (5.4)

The right-hand side bi is discretized using the MP-LDD gradient approximation from Equa-
tion (3.11), with the scaling coefficient Ci = ∥u∥/∆r:

bi =−Ci⟨∇ ·u⟩n
i =−Ci ∑

j
Wi j(un

j −un
i ) ·Bi ·xi j (5.5)
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where Ci constitutes the known right-hand side coefficient of the PPE linear system. The
left-hand side is discretized by applying the variable Laplacian operator of Equation (5.1)
with the coefficient φ set to the inverse density 1/ρ, yielding:

〈
∇ ·
(

∇p
ρ

)〉
i
=

2d ∑ j Wi jLi j

( 1
ρi
+ 1

ρ j
2

)
(p j − pi)

∑ j Wi jLi j∥xi j∥2 (5.6)

Absorbing the known prefactor 2d/∑ j Wi jLi j∥xi j∥2 into the right-hand side bi produces the
simplified working equation:

∑
j

Wi jLi j

( 1
ρi
+ 1

ρ j

2

)
(p j − pi) = bi (5.7)

where pi and p j are the unknown pressures, collectively denoted xi. The coefficient matrix
entries associated with the unknown at point i are:

Ai =


Aii =−∑ j Wi jLi j

( 1
ρi
+ 1

ρ j
2

)
for i = j

Ai j =Wi jLi j

( 1
ρi
+ 1

ρ j
2

)
for i , j

(5.8)

The PPE is thereby cast as a sparse linear system Aixi = bi, which is solved using a matrix-
free Preconditioned Biconjugate Gradient Stabilized (PBiCGSTAB) solver [139]. The
matrix-free implementation avoids explicit assembly and storage of the coefficient matrix,
reducing both memory requirements and computational overhead. Preconditioning trans-
forms the original system into a form with more favourable spectral properties, accelerating
iterative convergence. Selecting the preconditioner Mi = Ai produces a diagonally dominant
preconditioned system:

M−1
i Aixi = M−1

i bi (5.9)

The resulting preconditioned system M−1
i Ai exhibits eigenvalues concentrated near unity,

which substantially improves the convergence rate of the iterative solver.
At boundary points, illustrated in Figure 5.1, a Neumann-type pressure boundary condition
is derived by projecting the momentum equation onto the wall-normal direction n:

n ·∇p = ρn ·
(
−Du

Dt
+ν∇

2u+g+
1
ρ

Fs+d

)
(5.10)

Imposing a no-slip condition at the wall, uw = 0, and introducing δ as the normal distance
from the fluid point to the wall, the normal pressure gradient and material acceleration are
approximated as:
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Figure 5.1. Modeling of boundary/solid points and the pressure at those points.

n ·∇p =
pw − pi

δ
,

Du
Dt

=
uw −ui

δt
For boundaries separating identical fluid phases and in inertia-dominated flow regimes,
surface tension contributions are negligible. Setting pw = p j and substituting into Equa-
tion (5.10) yields the boundary pressure condition:

(p j − pi) = δ

(
ρn ·

(
ui −uw

δt
+

g
ρ
+ν∇

2u
))

(5.11)

Once the pressure field is obtained, the pressure acceleration is evaluated using the LDD
gradient operator of Equation (3.11), as established in Bašić et al. [39]:

〈
1
ρ

∇p
〉

i
=

1
ρi

(
Bi ∑

j
Wi j xi j (p j − pi)

)
(5.12)

Solving the PPE at each time step corrects the spurious divergence introduced during advec-
tion and restores the incompressibility condition ∇ ·u = 0 throughout the fluid domain.

5.1.3 Multiphase Velocity Solver

With the pressure field determined, the velocity field is advanced in time using a variable
time step BDF2 scheme for temporal discretization [147], which approximates time deriva-
tives using data from two preceding time levels and yields a second-order accurate implicit
formulation. This contrasts with the original single-phase LDD implementation, which em-
ploys an explicit scheme [43]. The BDF2 material derivative approximation takes the form:

Du
Dt

=
1
δt

[(
1+2αt

1+αt

)
un+1 − (1+αt)un +

(
α2

t
1+αt

)
un−1

]
(5.13)

where un+1, un, and un−1 are the velocity vectors at the future, current, and previous time
levels respectively, and αt = δtn/δtn−1 is the ratio of consecutive time step sizes. Substituting
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into the momentum equation (2.2) and collecting terms gives:

1
δt

[(
1+2αt

1+αt

)
un+1 − (1+αt)un +

(
α2

t
1+αt

)
un−1

]
=−1

ρ
∇p+ν∇

2un+1 +g+
1
ρ

Fs+d

(5.14)
Introducing the coefficients CL = δt

(
1+αt
1+2αt

)
, Cn = (1+αt)

2

1+2αt
, Cn−1 = − α2

t
1+2αt

, and Cn+1 =

δt
(

1+αt
1+2αt

)
, and rearranging with the unknown un+1 on the left and all known quantities on

the right yields the discrete velocity equation:

un+1 −CLν∇
2un+1 =Cnun +Cn−1un−1 +Cn+1

(
−1

ρ
∇p+g+

1
ρ

Fs+d

)
(5.15)

For inertia-dominated flows where surface tension and dynamic contact angle forces are neg-
ligible, the right-hand side is denoted qi. Applying the variable Laplacian of Equation (5.1)
to discretize the viscous term with φ = ν gives:

un+1
i −CL

2d ∑ j Wi jLi j

(
νi+ν j

2

)
(un+1

j −un+1
i )

∑ j Wi jLi j∥xi j∥2 = qi (5.16)

Absorbing the known denominator into Ci simplifies this to:

un+1
i −Ci ∑

j
Wi jLi j

(
νi +ν j

2

)
(un+1

j −un+1
i ) = qi (5.17)

Equation (5.17) is solved using the same matrix-free PBiCGSTAB solver as the pressure
equation [139]. A single pressure equation and a single velocity equation are solved simul-
taneously for both fluid phases, rather than maintaining separate equations per phase. Point
positions are subsequently updated through Lagrangian advection using Equation (3.27).

5.1.4 A Structured Method for Point Cloud Regularization

The discrete differential operators in LDD tend to align computational points with local
streamlines, which progressively induces anisotropic point distributions over the course of
a simulation. Such non-uniformity degrades the accuracy of the spatial approximations and
compromises volumetric conservation. Analogous issues arise in ISPH and MPS methods
and are typically addressed through particle shifting algorithms that redistribute particles
after the advection step to recover a more uniform spatial arrangement [148, 149, 150].

The MP-LDD framework employs Position-Based Fluid (PBF) simulation, founded on
the Position Based Dynamics (PBD) paradigm, to perform point cloud regularization follow-
ing each advection step. PBF is well established in the computer graphics and fluid simu-
lation communities due to its stable behaviour and ease of implementation [151, 152, 153].
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Its central mechanism is a density constraint that drives the point distribution toward a target
rest density, ensuring physical consistency of the fluid representation throughout the simula-
tion [154, 43]. Each computational point i is characterised by its position xi, velocity ui, and
current density ρicurr, with the target rest density denoted ρ0.

The density constraint for point i within the PBF framework is defined as:

Pi(x1, . . . ,xn) =
ρicurr

ρ0
−1 (5.18)

Assuming unit density for all points, the current density is approximated as:

ρicurr = ∑
j

ρ jcurr W (x j −xi,h)≃ ∑
j

W (x j −xi,h) (5.19)

The position correction ∆x required to satisfy the constraint Pi(x + ∆x) = 0 is obtained
through a first-order Taylor expansion:

Pi(x+∆x)≈ Pi(x)+∆x ·∇Pi = 0 (5.20)

Constraining the correction to act along the gradient direction ∇Pi, the displacement is pa-
rameterised as:

∆x ≈ λ∇Pi(x) (5.21)

where λ denotes a Lagrange multiplier. Substituting Equation (5.21) into Equation (5.20)
and solving for λ gives:

λi =−Pi(x1, . . . ,xn)

∑k ∥∇xkPi∥2 (5.22)

The constraint function gradient with respect to a neighbouring point k takes one of two
forms depending on whether k coincides with the point of interest:

∇xkPi =
1
ρ0

∑ j ∇xkW (xi −x j,h) if k = i

−∇xkW (xi −x j,h) if k = j
(5.23)

Combining these expressions, the total position correction for point i incorporating contribu-
tions from all neighbouring points is:

∆xi =
1
ρ0

∑
j
(λi +λ j)∇W (x j −xi,h) (5.24)

Applying Equation (5.24) iteratively after each Lagrangian advection step, through a small
number of correction passes, effectively restores point uniformity. This scheme performs
reliably for single-phase LDD under the unit density assumption and preserves conservation
properties throughout the simulation. However, in the multiphase setting, the standard PBF
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correction is insufficient because it does not account for density contrasts between neigh-
bouring points belonging to different fluid phases.

Otaduy et al. introduced the DYVERSO method [155], an extension of the PBF frame-
work designed for multiphase fluid simulation in visual effects applications, capable of han-
dling fluid separation and mixing between distinct phases. An analogous approach was eval-
uated for MP-LDD; however, it was found to generate substantial artificial compression and
tension at phase interfaces, resulting in significant departures from the expected pressure
distribution and rendering the method unsuitable for the present application.

In Rayleigh-Taylor instability, the depth to which the heavier fluid penetrates into the
lighter phase scales as Agδt2, where g denotes acceleration due to gravity, δt is the time step,
and A = (ρh − ρl)/(ρh + ρl) is the Atwood number, with ρh and ρl denoting the densities
of the heavy phase and light phase respectively [156]. This expression quantifies the tempo-
ral growth of the instability. Generalising this to Aaδt2, where a represents the local point
acceleration, allows the formulation to be extended to configurations without gravitational
forcing, in which acceleration is governed by the local pressure gradient normalised by den-
sity. Discontinuities in pressure acceleration across the interface destabilise this generalised
formulation. Monaghan et al. [157] addressed analogous interfacial instability in SPH by
introducing an interfacial force formulated in terms of the Atwood number, pressure, and
local density, achieving a stable interface representation. Since PBF enforces a density con-
straint, and the local density ratio governs whether a given phase rises or sinks relative to
its surroundings through buoyancy, the Atwood number and relative density provide a nat-
ural basis for reformulating the PBF correction factor in Equation (5.24) for the multiphase
setting.

Figure 5.2. Behaviour of the modified PBD scheme with differing relaxation values under
low-density ratio flow conditions.

The modified correction scheme applies density-weighted positional adjustments to each
computational point based on the local density contrast with its neighbours. The objec-
tive is to produce a spatially uniform and physically consistent density field throughout the
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Figure 5.3. Zoomed view of Figure 5.2 showing the effect of the modified PBD with various
relaxation factors.

Figure 5.4. Influence of the relaxation parameter on the modified PBD scheme under
high-density ratio flow conditions.

simulation domain. Corrections are localised through kernel weighting and modulated by
a relaxation parameter to preserve numerical stability and physical accuracy, preventing
pathological behaviours such as point clustering or spurious interfacial pressure gradients.
Maintaining a well-defined and stable interface between phases requires careful control of
the positional updates to avoid smearing or fragmentation of the phase boundary. The fol-
lowing correction is introduced subsequent to the advection step to maintain correct phase
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sequencing and a stable interface boundary:

∆xicorr =



xi j
|ρi −ρ j|
ρi +ρ j


ρ̄i − ρ̄ j

ρ̄ j
+

ρi −ρ j

ρ j

2

Wi j Zrelax, if ρi < ρ j

xi j
|ρi −ρ j|
ρi +ρ j


ρ̄ j − ρ̄i

ρ̄i
+

ρ j −ρi

ρi

2

Wi j Zrelax, if ρi > ρ j

(5.25)

where ρi and ρ j are the actual densities of points i and j, and ρ̄i, ρ̄ j are the correspond-
ing smoothed densities evaluated using Equation (3.10), which serve to distinguish be-
tween phases across the interface. The factor |ρi − ρ j|/(ρi + ρ j) represents the local At-
wood number for each point pair, normalising the density contrast in a manner that ensures
proportional scaling of the correction. The ratio (ρi − ρ j)/ρ j measures the density deficit
of the lighter phase compared to the heavier one, with larger absolute values indicating
greater phase separation and correspondingly stronger tendencies toward buoyancy-driven
stratification, interfacial instability, and phase segregation. The combined weighting factor
1
2

[
(ρ̄i − ρ̄ j)/ρ̄ j +(ρi −ρ j)/ρ j

]
blends the smoothed and actual density contrasts to stabilise

the interfacial correction, suppressing spurious voids or discontinuities that would otherwise
develop at the phase boundary. Spatial localisation of the correction is achieved through the
kernel weight Wi j, which ensures that contributions decay with inter-point distance, prevent-
ing remote points from unduly influencing the local interface structure. The relaxation factor
Zrelax governs the overall magnitude of the correction, allowing the strength of the interfa-
cial regularization to be tuned without triggering oscillatory instabilities. Setting Zrelax = 0
recovers the original single-phase PBF formulation of Equation (5.24).

The total positional update for each point is then assembled as the sum of the standard
PBF correction and the multiphase interfacial correction:

∆xi = ∆xi +∆xicorr (5.26)

In the present implementation, the total correction is not applied in a single pass. It is
evaluated iteratively after each advection step using a prescribed number of regularization
iterations and it is usually 3 to 5 iterations. During each iteration, the density constraint mul-
tipliers are recomputed from the current shifted point locations, neighbour-wise correction
vectors are accumulated, and the resulting displacement is locally limited to prevent exces-
sive point motion and wall penetration. After completion of the final regularization pass,
the velocity field is interpolated onto the corrected point positions so that the subsequent
momentum update remains consistent with the reordered point cloud.

It is noted that this regularization procedure may introduce a surface-tension-like numer-
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ical effect, particularly when the interfacial relaxation parameter is increased. In the present
work, this influence is assessed empirically through the interface-preservation studies shown
in Figures 5.2–5.4, and moderate values of the relaxation parameter were found to provide a
practical balance between interface stability and excessive artificial interfacial stiffening.
The performance of the modified PBF scheme across a range of relaxation factors is assessed
against the standard single-phase PBF using a two-dimensional Rayleigh-Taylor benchmark
instability test case with aphases differing in density by a factor of 3, as shown in Figures 5.2
and 5.3. The unmodified PBF scheme proves inadequate in multiphase configurations, pro-
ducing unphysical mixing of points from the two phases at the interface. The modified for-
mulation successfully preserves a well-defined and physically coherent interface free from
cross-phase mixing. Increasing Zrelax strengthens the density enforcement at the interface,
which introduces a degree of artificial surface tension while maintaining the overall physical
fidelity of the simulation. Values of Zrelax in the range 0.25 to 1.0 is advised for practical use.
The evaluation is further extended to a dam break configuration with a density ratio of 1000,
representing a violent high-density-ratio flow, as shown in Figure 5.4. The modified PBF
scheme demonstrates robust performance under these demanding conditions. For optimal
accuracy, Zrelax values between 0.25 and 0.5 are advised.

5.1.5 Split Scheme Solver

Incompressible NS equations (2.1) and (2.2) are advanced in time within MP-LDD us-
ing a fractional step, or split scheme, methodology. This technique breaks down the full
Navier-Stokes system into a sequential series of physically distinct sub-problems cover-
ing advection, diffusion, and pressure correction, each of which is solved independently
within a single time step. The pressure correction step determines a pressure field whose
gradient projects an field of intermediate velocity on the solution of free divergence in the
flow field, enforcing incompressibility. This projection methodology was originally intro-
duced by Chorin et al. [158]. An alternative operator splitting framework was introduced
by Strang et al. [159], in which the governing operator is decomposed into constituent sub-
operators, each of which is advanced over shorter sub-intervals before the results are re-
combined. Rather than employing a predictor-corrector structure, this approach emphasises
sequential operator decomposition to enhance overall numerical performance. Guermond
et al. [160] subsequently developed an efficient fractional time-stepping scheme for incom-
pressible flows with variable-density that needs only one poisson equation of solution per
time step, substantially reducing the computational cost of the pressure correction within
split scheme frameworks.
The MP-LDD solver adopts a split scheme consistent with that employed in the single-phase
LDD formulation [154], applying the second-order consistent MP-LDD differential opera-
tors while omitting the intermediate velocity prediction step. The complete solution proce-
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Figure 5.5. MP-LDD solver workflow for a single time step.

dure for a single time step is depicted in the workflow of Figure 5.5. Each time step begins
with any prescribed rigid body translation or rotation of the computational domain. Compu-
tational points are then displaced according to their current velocities through the Lagrangian
advection scheme, after which the point cloud regularization procedure is applied iteratively
via PBD to restore a well-conditioned spatial distribution. The local geometric operators Bi

and oi are subsequently assembled in preparation for the differential operator evaluations.
The PPE is then solved in a single step to enforce the incompressibility constraint directly,
without recourse to intermediate velocity calculations, and the resulting pressure field is used
to compute the acceleration of pressure. Then velocity field is subsequently obtained, and
the next time interval size is computed through the adaptive automatic time-stepping method.
This sequence of operations is repeated until the prescribed simulation end time is reached.
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5.2 Numerical Procedure of the Multiphase LDD (MP-
LDD) Formulation

5.2.1 Step 1: Variable-Coefficient Laplacian Operator

The starting point for MP-LDD is a generalisation of the standard LDD Laplacian to support
spatially varying scalar fields (density, viscosity). Following Gibou et al. [145] and Basic et
al. [39], the variable-coefficient Laplacian at point i is defined as:

⟨∇ · (φ∇ f )⟩i =

2d ∑
j

Wi j Li j

(
φi +φ j

2

)
( f j − fi)

∑
j

Wi j Li j
∥∥xi j

∥∥2 (5.27)

where d refers to dimensional space, Wi j denotes kernel weight between points i and j, Li j

is a correction factor, xi j = x j − xi is the inter-point vector, and φ is the scalar field that
multiplies the gradient (e.g. 1/ρ for the pressure equation or ν for the velocity equation).

Equation (5.27) is the single operator used throughout MP-LDD:

• with φ = 1/ρ it handles multi-density in the pressure Poisson equation;

• with φ = ν it handles multi-viscosity in the velocity equation.

5.2.2 Step 2: Pressure Poisson Equation (PPE) - Continuous Form

2a. General PPE for Incompressible Multiphase Flow

For incompressible flow, the NS momentum equation requires the field of pressure to en-
force the solenoidal constraint ∇ ·u = 0. The continuous Pressure Poisson Equation (PPE)
accounting for variable density is:

∇ ·
(

∇p
ρ

)
=−(∇ ·u)n − (∇ ·u)n−1

δt
(5.28)

where n and n−1 are the present and previous time steps, and δt is the time-interval.

2b. Enforcement of Incompressibility

Within incompressible flow formulations, the solenoidal character of the velocity field must
be enforced at each discrete time interval. The constraint is precisely fulfilled at the preced-
ing time interval:

(∇ ·u)n−1 = 0 (5.29)
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Nevertheless, discretisation errors introduced throughout the advection stage result in a
non-zero divergence at the current time interval, (∇ ·u)n, to be non-zero. Substituting the
above into Equation (5.28) yields the reduced PPE that corrects these errors:

∇ ·
(

∇p
ρ

)
=−(∇ ·u)n

δt
(5.30)

5.2.3 Step 3: Lagrangian Time-Step Criterion and RHS

3a. Lagrangian Time-Step Definition

In LDD, points are analysed in a Lagrangian context. The time step is therefore coupled to
the spatial resolution ∆r and the velocity magnitude ∥u∥ as [146]:

δt =
∆r
∥u∥

(5.31)

3b. Substitution into the PPE

Substituting Equation (5.31) into Equation (5.30):

∇ ·
(

∇p
ρ

)
=−(∇ ·u)n ∥u∥

∆r
≡ bi (5.32)

3c. Discrete RHS bi

Defining the scaling coefficient Ci =
∥u∥
∆r

, and using the discrete divergence approximation
of MP-LDD:

bi =−Ci ⟨∇ ·u⟩n
i =−Ci ∑

j
Wi j
(
un

j −un
i
)
·Bi ·xi j (5.33)

where Bi is the renormalised matrix of the LDD gradient operator [39]. The quantity bi is
fully known at the start of each pressure solve.

5.2.4 Step 4: Discrete PPE - Left-Hand Side

The left-hand side (LHS) of Equation (5.30) is discretised by applying the variable-
coefficient Laplacian operator (5.27) with φ = 1/ρ:

〈
∇ ·
(

∇p
ρ

)〉
i
=

2d ∑
j

Wi j Li j

( 1
ρi
+ 1

ρ j

2

)
(p j − pi)

∑
j

Wi j Li j∥xi j∥2 (5.34)
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The arithmetic mean
(

1/ρi +1/ρ j

2

)
naturally interpolates the inverse density across the

interface between two phases without requiring an explicit interface-tracking step.

5.2.5 Step 5: Algebraic Form of the Discrete PPE

5a. Absorbing the Normalisation Factor

The normalisation factor
2d

∑ j Wi j Li j∥xi j∥2 from the LHS is incorporated into the RHS coef-

ficient bi. The simplified equation for point i becomes:

∑
j

Wi j Li j

( 1
ρi
+ 1

ρ j

2

)
(p j − pi) = bi (5.35)

5b. Coefficient Matrix Ai

Expanding the sum in Equation (5.35) and collecting terms multiplying pi and each p j, the
coefficient matrix entries are:

Ai =


Aii =−∑

j
Wi j Li j

( 1
ρi
+ 1

ρ j

2

)
for i = j,

Ai j = Wi j Li j

( 1
ρi
+ 1

ρ j

2

)
for i , j.

(5.36)

The diagonal entry Aii is negative and equals the negative sum of all off-diagonal entries
in the same row, ensuring the matrix is diagonally dominant — a property exploited by the
preconditioner in Step 6.

5c. Linear System

Collecting over all interior points, the PPE reduces to the linear system:

Ai xi = bi, xi ≡ pi (5.37)

where xi is the vector of unknown pressures at all points.

5.2.6 Step 6: Preconditioned Solver for the PPE

6a. PBICGSTAB Solver

The system (5.37) is resolved through the matrix-free PBICGSTAB method [139]. The
matrix-free approach avoids forming Ai explicitly, reducing memory cost.
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6b. Preconditioning

A preconditioner Mi transforms the original system into one with improved spectral proper-
ties:

M−1
i Ai xi = M−1

i bi (5.38)

Choosing Mi =Ai (i.e. the diagonal of Ai) produces a diagonally dominant preconditioned
matrix M−1

i Ai whose eigenvalues cluster near unity, thereby accelerating convergence of the
iterative solver.

5.2.7 Step 7: Boundary Condition for the PPE

7a. Wall-Normal Momentum Equation

At solid boundary points, the Neumann-type pressure boundary condition is established by
projecting the momentum equation in the direction of the outward wall-normal n:

n · (∇p) = ρn ·
(
−Du

Dt
+ν∇

2u+g+
1
ρ

Fs+d

)
(5.39)

7b. Discretisation of the LHS and Total Acceleration

With a no-slip condition uw = 0 and wall distance δ, the left-hand side pressure gradient and
the material acceleration are approximated as:

n ·∇p =
pw − pi

δ
(5.40)

Du
Dt

=
uw −ui

δt
=−ui

δt
(5.41)

7c. Boundary Pressure Difference

Neglecting surface tension at same-phase boundaries and setting pw = p j, substitution of
Equations (5.40)–(5.41) into Equation (5.39) gives the boundary pressure difference:

(p j − pi) = δ

(
ρn ·

(
ui −uw

δt
+g+ν∇

2u
))

(5.42)

5.2.8 Step 8: Pressure Acceleration

Once the field of pressure is derived from the system of linear equation (5.37), the pressure
acceleration at point i is recovered using the LDD gradient operator [39]:
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〈
1
ρ

∇p
〉

i
=

1
ρi

(
Bi ∑

j
Wi j xi j (p j − pi)

)
(5.43)

Resolution of the PPE ensures that pressure-based corrections eliminate the numerical
divergence present in the velocity field, restoring the incompressibility condition ∇ ·u = 0.

5.2.9 Step 9: Velocity Solver - BDF2 Temporal Discretisation

9a. Variable Time-Step BDF2 Scheme

The velocity field is updated using the second-order BDF2 [147], that approximated as:

Du
Dt

=
1
δt

[(
1+2αt

1+αt

)
un+1 − (1+αt)un +

(
α2

t
1+αt

)
un−1

]
(5.44)

where un+1, un, and un−1 denotes velocity vectors at the future, present, and previous time
steps respectively, and αt = δtn/δtn−1 is the ratio of consecutive time-intervals.

9b. Substitution into the Momentum Equation

Substituting the BDF2 approximation (5.44) into the NS momentum equation while preserv-
ing the implicit velocity contribution un+1 on both sides:

1
δt

[(
1+2αt

1+αt

)
un+1 − (1+αt)un +

α2
t

1+αt
un−1

]
=−1

ρ
∇p+ν∇

2un+1 +g+
1
ρ

Fs+d

(5.45)

9c. BDF2 Coefficients

To simplify the algebra, the following coefficients are introduced:

CL = δt
(

1+αt

1+2αt

)
, Cn =

(1+αt)
2

1+2αt
, Cn−1 =− α2

t
1+2αt

, Cn+1 = δt
(

1+αt

1+2αt

)
(5.46)

9d. Implicit Discrete Velocity Equation

Multiplying Equation (5.45) by CL = Cn+1 and rearranging so that all terms involving the
unknown un+1 are on the LHS and all known quantities are on the RHS:

un+1 −CL ν∇
2un+1 =Cn un +Cn−1 un−1 +Cn+1

(
−1

ρ
∇p+g+

1
ρ

Fs+d

)
(5.47)
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The right-hand side of Equation (5.47), which contains only quantities known from the
previous steps (pressure from Step 6, body forces, surface tension), is denoted qi.

5.2.10 Step 10: Discrete Velocity Equation with Variable Viscosity

10a. Applying the Variable Laplacian to the Viscous Term

The implicit viscous Laplacian ν∇2un+1 on the LHS of Equation (5.47) is discretised using
Equation (5.27) with φ = ν:

un+1
i −CL

2d ∑
j

Wi j Li j

(
νi +ν j

2

)(
un+1

j −un+1
i

)
∑

j
Wi j Li j∥xi j∥2 = qi (5.48)

The arithmetic mean
(

νi +ν j

2

)
interpolates the kinematic viscosity across the phase

interface consistently with the density interpolation used in Step 4.

10b. Simplified Final Velocity Equation

Absorbing the normalisation factor
2d

∑ j Wi j Li j∥xi j∥2 into the coefficient CL (redefining CL

locally), the final compact form is:

un+1
i −CL ∑

j
Wi j Li j

(
νi +ν j

2

)(
un+1

j −un+1
i

)
= qi (5.49)

10c. Solution Strategy

Equation (5.49) is solved using the same matrix-free PBICGSTAB solver described in Step 6.
A key feature is that one pressure equation and one velocity equation collectively handle both
phases in a coupled manner, rather than employing distinct equations for each. The phase-
dependent material properties (ρ, ν) enter only through the arithmetic means at inter-point
interactions.

5.2.11 Step 11: Lagrangian Advection

After the velocity field un+1 is obtained, the Lagrangian positions of all points are updated:

xn+1
i = xn

i +δt un+1
i (5.50)

This step completes one full time-step cycle of the MP-LDD solver.
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5.2.12 Summary of the MP-LDD

The complete derivation proceeds through the following logical chain:

1. Variable Laplacian (Equation (5.27)): A single variable-coefficient discrete operator
handles both multi-density and multi-viscosity effects.

2. Continuous PPE (Equation (5.30)): Derived from the incompressibility constraint;
the previous-step divergence vanishes exactly.

3. Lagrangian time step and RHS (Equations (5.31)–(5.33)): The Lagrangian δt crite-
rion is substituted to form the known RHS bi.

4. Discrete PPE LHS (Equation (5.34)): The variable Laplacian with φ = 1/ρ is applied
to the pressure.

5. Linear system for pressure (Equations (5.36)–(5.37)): Coefficient assembly yields
the sparse system Aixi = bi.

6. Preconditioned solve (Equation (5.38)): PBICGSTAB with Mi =Ai recovers the pres-
sure field.

7. Boundary condition (Equation (5.42)): Wall-normal momentum projection provides
the Neumann pressure boundary condition.

8. Pressure acceleration (Equation (5.43)): The LDD gradient operator converts pres-
sure to acceleration.

9. BDF2 temporal discretisation (Equations (5.44)–(5.46)): Variable time-step BDF2
provides second-order implicit time integration.

10. Discrete velocity equation (Equation (5.49)): The variable Laplacian with φ = ν dis-
cretises the viscous term; PBICGSTAB solves for un+1.

11. Lagrangian advection (Equation (5.50)): Points are moved with the updated velocity
to complete the time step.
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6 INTERFACE DYNAMICS MODELLING

This chapter addresses the modeling of interfacial phenomena crucial for accurate multiphase
flow simulation, including surface tension effects and dynamic wetting behavior. Building
upon the MP-LDD framework established in Chapter 4, the formulations presented here
enable the simulation of capillary-driven flows, droplet dynamics, and wetting processes at
solid boundaries.

The chapter begins with Section 6.2, which adapts the Continuum Surface Force (CSF)
approach to the Lagrangian particle framework. The formulation includes curvature com-
putation from particle distributions and volumetric force representation suitable for mo-
mentum equation integration. Section 6.4 presents the dynamic contact angle modeling
framework, incorporating velocity-dependent corrections to the static equilibrium angle and
a force-based stabilization approach for robust contact line motion. The integration of these
interfacial models with the MP-LDD solver enables accurate prediction of surface tension-
dominated phenomena and complex wetting dynamics encountered in boiling, condensation,
and droplet impact scenarios.

6.1 Surface Tension

The interface modeling approach used in this study, including surface tension and dynamic
contact angle formulation, builds upon the methodology presented by [161] in the context
of Multiphase Lagrangian Differencing Dynamics. The surface tension force, Fs, can be
represented as a volumetric force acting at the fluid interface:

Fs(xs) =
∫

fs(x)δ(x−xs)dS, (6.1)

where xs denotes the interfacial position and δ(x− xs) is the Dirac delta function. The
interfacial force per surface unit area, fs, is defined as:

fs = σκn̂, (6.2)

with σ representing the coefficient of surface tension, κ corresponds to the local curvature,
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and n̂ designates the unit outward normal vector at the interface. Following the Continuum
Surface Force (CSF) formulation proposed by [162], the interface delta function is approxi-
mated through the gradient of an indicator, or color function C(x):

δ =
∇C(x)
[C]

= n, (6.3)

where [C] is the jump in C (equal to one for a volume fraction), and n denotes the interface
normal. The MP-LDD framework evaluates the interfacial normal directly from the particle
density (δ = ∇ρ/ρabs = n). For discrete numerical implementation, the gradient operator
formulation proposed by Basic [39] is employed and The interfacial normal direction for
each particle is evaluated as:

ni =


Bi ∑

j
Wi jxi j

(
ρ j −ρi

ρabs

)
, ρi , ρ j,

0, ρi = ρ j,

(6.4)

where ρabs = |ρphase0 −ρphase1| is the absolute density difference between phases. The unit
interfacial normal and curvature are evaluated as:

n̂ =
∇C

∥∇C∥
=

n
∥n∥

, κ =−(∇ · n̂) . (6.5)

The local curvature is then obtained from:

κi =


∑

j
Wi j
(
n̂ j − n̂i

)
·Bixi j, ρi , ρ j,

0, ρi = ρ j.

(6.6)

In the MP-LDD framework, the interfacial force per unit area is divided by the local particle
spacing ∆r to convert it into a volumetric force suitable for the momentum equations. Ensur-
ing dimensional consistency, correct scaling with particle density, and accurate localization
of the surface tension near the interface. Accordingly, the volumetric surface tension force
is expressed as:

Fs =
σκn̂
∆r

. (6.7)

The force Fs is included in the momentum Equation 3.2 and σ is the surface tension coeffi-
cient (N/m), κ is the curvature (1/m), n̂ is dimensionless, and ∆r is the local particle spacing
(m).
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6.1.1 Capillary Time-Step Restriction

In the present formulation, the surface tension force is treated explicitly in time. As a conse-
quence, the time step is subject to the classical capillary stability restriction associated with
the temporal resolution of the shortest capillary waves supported by the spatial discretization.
For a characteristic inter-point spacing ∆r, the capillary time-step limit may be expressed as

∆t <

√
ρ∆r3

πσ
, (6.8)

where ρ is the characteristic fluid density and σ is the surface tension coefficient. This re-
striction becomes increasingly severe as the spatial resolution is refined, since the admissible
time step scales with ∆r3/2, and it is likewise more restrictive for flows involving larger
values of surface tension.

Accordingly, in surface-tension-dominated multiphase simulations, the capillary con-
straint may become more restrictive than the convective or viscous time-step conditions.
This is particularly relevant in cases involving fine interface resolution, small droplets, or
strong curvature-driven interfacial motion, where capillary waves introduce the fastest time
scales in the problem. In the adaptive time-stepping procedure adopted in this work, the se-
lected time step should therefore be interpreted as being limited by the most restrictive active
stability condition among the relevant advective, viscous, and capillary criteria. Although the
capillary condition is not always the dominant limiter in every case considered, it constitutes
an inherent stability requirement of the present explicit surface tension treatment and should
be taken into account whenever interfacial dynamics are governed strongly by surface ten-
sion effects. A more detailed assessment of the relative influence of the capillary restriction
under different flow regimes, as well as possible relaxation of this limitation through semi-
implicit or fully implicit surface tension treatment, remains an important direction for future
work.

6.2 Numerical Procedure of Surface Tension

6.2.1 Step 1: Physical Origin and Continuum Definition

Surface tension arises from the imbalance of intermolecular cohesive forces at the phase
boundary. At the continuum level, it acts as a force per unit area directed along the interface.
For an interface S, the total surface tension force on a control volume is:

Fs =
∫

S
fs dS, fs = σκn̂ (6.9)

where σ denotes coefficient of surface tension (N/m), κ corresponds to the local curvature
(m−1), and n̂ is the unit outward interface normal. The mean curvature relates to the principal
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radii R1, R2 as:

κ =
1

R1
+

1
R2

(6.10)

6.2.2 Step 2: Converting Surface Force to Volumetric Body Force

The surface integral cannot be directly inserted into the volumetric momentum equation. A
Dirac delta function localises the force to the interface:

Fs(x) =
∫

S
σκn̂δ(x−xs)dS (6.11)

where xs is the interfacial position. This is the Continuum Surface Force (CSF) representa-
tion [162].

6.2.3 Step 3: Approximation of the Delta Function

The Dirac delta function is not computable directly. Following CSF [162], it is approximated
using the gradient of a scalar colour function C(x), where C = 1 in phase 0 and C = 0 in phase
1 with jump [C] = 1:

δ(x−xs)≈ ∥∇C∥ (6.12)

The interface normal follows directly:

n =
∇C
[C]

= ∇C, n̂ =
∇C

∥∇C∥
(6.13)

and the curvature from the divergence of the unit normal:

κ =−∇ · n̂ =−∇ ·
(

∇C
∥∇C∥

)
(6.14)

6.2.4 Step 4: Density-Based Normal in MP-LDD

In the MP-LDD framework, no explicit colour function is tracked. Instead, the local density
field serves as the phase indicator, since density is discontinuous across the interface. The
delta function approximation becomes:

δ ≈ ∇ρ

ρabs
= n, ρabs = |ρphase0 −ρphase1| (6.15)

Substituting into the CSF framework, the interfacial normal at particle i is evaluated using
the LDD gradient operator [39]:
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ni =


Bi ∑

j
Wi j xi j

(
ρ j −ρi

ρabs

)
, ρi , ρ j

0, ρi = ρ j

(6.16)

where Bi is the LDD renormalization tensor ensuring first-order consistency of the gradi-
ent. The condition ρi = ρ j identifies bulk-phase particles far from the interface, where no
interfacial force is applied.

6.2.5 Step 5: Unit Normal and Curvature

The unit normal vector at particle i is normalised from Step 4:

n̂i =
ni

∥ni∥
(6.17)

The discrete curvature is obtained by applying the LDD divergence approximation to n̂:

κi =


∑

j
Wi j
(
n̂ j − n̂i

)
·Bi xi j, ρi , ρ j

0, ρi = ρ j

(6.18)

This expression computes the divergence of n̂ using finite differences of the unit normal
across neighbouring particles weighted by the LDD kernel.

6.2.6 Step 6: Dimensional Conversion to Volumetric Force

The interfacial force per unit area fs = σκn̂ carries units of N/m2. To enter the momentum
equation, which requires units of N/m3, division by the local particle spacing ∆r (m) is
performed:

[N/m2]÷ [m] = [N/m3] (6.19)

This conversion ensures dimensional consistency, correct scaling with particle resolution,
and physical localisation of the force near the interface. The final volumetric surface tension
force at particle i is:

Fs,i =
σκi n̂i

∆r
(6.20)

This force is incorporated into the momentum equation (3.2) in the form of a body force
contribution.
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6.2.7 Step 7: Summary of Surface Tension

1. Physical interface force: fs = σκn̂

2. CSF volumetric conversion via Dirac delta: Fs =
∫

fs δ(x−xs)dS

3. Delta function approximation: δ ≈ ∥∇C∥, n̂ = ∇C/∥∇C∥

4. Density substitution in MP-LDD: ni from ∇ρ/ρabs using LDD gradient

5. Discrete curvature: κi from divergence of n̂ via LDD operator

6. Volumetric conversion: divide by ∆r for momentum equation

7. Final force: Fs,i = σκin̂i/∆r

6.3 Dynamic Contact Angle Modeling

The dynamic contact angle (θd) plays a crucial role in simulating wetting phenomena, partic-
ularly near the moving contact line where fluid solid interactions dominate capillary behav-
ior. Accurate prediction of θd is essential for reproducing droplet spreading, film retraction,
and impact dynamics [163, 164]. Deviations from the static (equilibrium) contact angle
arise from viscous dissipation and surface tension imbalance near the moving contact line
[165, 166]. Present formulation extends the dynamicAlphaContactAngle boundary condition
of OpenFOAM [167], incorporating both curvature-weighted static angles and a force-based
stabilisation term to enhance interfacial sharpness and numerical stability. The radii associ-
ated with the maximum advancing (rA) and receding (rR) menisci are first obtained as:

rA =
sin2(θmda)√

2−3cos(θmda)+ cos3(θmda)
, rR =

sin2(θmdr)√
2−3cos(θmdr)+ cos3(θmdr)

, (6.21)

where θmda and θmdr denote the maximum advancing and receding contact angles, respec-
tively. The static (equilibrium) contact angle is then determined via curvature-weighted in-
terpolation:

θs = cos−1
(

rA cos(θmda)+ rR cos(θmdr)

rA + rR

)
, (6.22)

To capture interface motion effects, a velocity-dependent correction is introduced:

∆θ = (θmda −θmdr) tanh(utan·ncan), (6.23)
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where utan is the local tangential velocity near the contact line and ncan the wall-normal vec-
tor. This formulation accounts for apparent angle variations during advancing and receding
motion, consistent with empirical correlations by Kistler [165]. The dynamic contact angle
is thus updated as:

θd = θs +∆θ. (6.24)

Following the approach of [168], a restoring force is applied to the fluid contact line point to
drive the interface toward its dynamic equilibrium state. The tangential capillary force per
unit volume is expressed as:

Fd = ntan DCAcoe f
(θd −θcurr)

ρ
, (6.25)

where θcurr = cos−1(−nwall ·n) is the instantaneous interface angle, ρ is the local fluid den-
sity, and DCAcoe f = σ∆r2 represents the dynamic contact angle coefficient associated with
interface resolution. The force Fd is included in the calculations to determine the velocity.
This approach provides a stable transition between static and dynamic regimes, ensuring ro-
bust simulation of complex wetting, dewetting, and impact phenomena. Although the present
velocity-based form was found to provide stable and practically useful behaviour in the cases
considered in this thesis, the use of a dimensional velocity inside the hyperbolic tangent lim-
its the physical generality of the model. The hyperbolic tangent function is used here as
a bounded smooth transition function, ensuring that the dynamic contact angle correction
remains limited between the advancing and receding bounds. The present form was found
to provide stable behavior for the cases considered, although a non-dimensional argument
would offer a more physically transferable scaling across different flow regimes. This will
be addressed in future work on DCA.

6.4 Numerical Procedure of Dynamic Contact Angle Mod-
elling

6.4.1 Step 1: Physical formulation

When a fluid interface meets a solid wall, the contact angle θ characterises the degree of sur-
face wettability. Under static equilibrium, the Young-Laplace equation determines the equi-
librium angle from the equilibrium among solid-gas, solid-liquid, and liquid-gas interfacial
energy contributions. Under dynamic conditions, contact line motion introduces additional
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viscous dissipation near the wall, causing the resultant DCA θd to deviate from the static
equilibrium value. Advancing motion (contact line moving outward) increases the apparent
angle, while receding motion decreases it [163, 164, 165, 166].

6.4.2 Step 2: Meniscus Radii from Geometric Constraint

The upper and lower limits of the contact angle define the hysteresis band. The radii rA

and rR of the maximum advancing and receding menisci are determined from the geometric
relationship between contact angle and meniscus curvature:

rA =
sin2(θmda)√

2−3cos(θmda)+ cos3(θmda)
, rR =

sin2(θmdr)√
2−3cos(θmdr)+ cos3(θmdr)

(6.26)

where θmda and θmdr are the maximum advancing and minimum receding contact angles
respectively. The denominator arises from the volume of a spherical cap of unit radius at the
respective contact angle, ensuring geometric self-consistency of the meniscus representation.

6.4.3 Step 3: Static Equilibrium Angle via Curvature-Weighted Inter-
polation

Rather than using θmda or θmdr directly as the static angle, a curvature-weighted interpolation
between the two limits is performed. The weighting is proportional to the meniscus radii rA

and rR, which represent the geometric extent of each limiting state:

cos(θs) =
rA cos(θmda)+ rR cos(θmdr)

rA + rR
(6.27)

Inverting:

θs = cos−1
(

rA cos(θmda)+ rR cos(θmdr)

rA + rR

)
(6.28)

This weighted static angle accounts for the asymmetry between advancing and receding hys-
teresis limits and provides a physically consistent reference state for the dynamic correction
applied in the next step.

6.4.4 Step 4: Velocity-Dependent Dynamic Correction

Contact line motion at velocity utan along the wall introduces a velocity-dependent deviation
from the static angle. The correction ∆θ must satisfy the following physical requirements:

• ∆θ > 0 when advancing (utan ·ncan > 0)

• ∆θ < 0 when receding (utan ·ncan < 0)
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• ∆θ → 0 at zero contact line velocity

• |∆θ| ≤ θmda −θmdr (bounded by hysteresis range)

The hyperbolic tangent satisfies all four requirements:

∆θ = (θmda −θmdr) tanh(utan ·ncan) (6.29)

where ncan is the wall-normal vector. The factor (θmda−θmdr) scales the correction to the full
hysteresis range. For slow contact line motion (|utan ·ncan| ≪ 1), tanh ≈ utan ·ncan and the
correction is approximately linear in velocity. For fast motion, tanh →±1 and the correction
saturates at the hysteresis limits, consistent with the empirical correlations of Kistler [165].

6.4.5 Step 5: Dynamic Contact Angle Update

Combining the static reference angle from Step 3 with the velocity-dependent correction
from Step 4:

θd = θs +∆θ (6.30)

This is the DCA toward which the interface evolves at the present time level. Difference
between θd and the instantaneous interface angle drives the restoring force derived in the
next step.

6.4.6 Step 6: Restoring Force at the Contact Line

The instantaneous interface angle at the wall is measured through the inner product of the
wall normal nwall and the interface normal n:

θcurr = cos−1(−nwall ·n) (6.31)

When θcurr , θd , a capillary imbalance exists at the contact line. Following the approach of
Esteban et al. [168], a tangential restoring force is applied to drive the interface toward θd .
The magnitude of this force scaling proportionally with the angular deviation (θd −θcurr):

Fd = ntan DCAcoe f
(θd −θcurr)

ρ
(6.32)

where ntan is the unit tangential vector at the contact line directed toward the equilibrium
position, ρ is the local fluid density, and DCAcoe f is the dynamic contact angle coefficient.
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6.4.7 Step 7: Derivation of the DCA Coefficient

The coefficient DCAcoe f must carry units consistent with the volumetric force contribution
entering the momentum equation. Starting from the dimensional requirements:

[Fd] = N/m3 = kg/(m2s2) (6.33)

The angular deviation (θd − θcurr) is dimensionless (radians) and 1/ρ has units m3/kg.
Therefore:

[DCAcoe f ] = N/m3 × [ρ] = kg/(m2s2)×kg/m3 = kg2/(m5s2) (6.34)

Since σ has units N/m = kg/s2 and ∆r2 has units m2:

[σ∆r2] = kg/s2 ×m2 = kg ·m2/s2 (6.35)

Dividing by ρ (kg/m3) in Equation (6.32) and recognising that the contact line force scales
with σ and the interface resolution ∆r, the coefficient is defined as:

DCAcoe f = σ∆r2 (6.36)

This ensures that the restoring force magnitude scales correctly with the surface tension
coefficient and with the particle resolution, so that the contact line dynamics converge as
∆r → 0.

6.4.8 Step 8: Integration into the Momentum Equation

The total interfacial volumetric force contribution entering the MP-LDD momentum equa-
tion is the sum of the bulk surface tension force Fs and the contact line restoring force Fd:

Fs+d = Fs +Fd =
σκ n̂
∆r

+ntan σ∆r2 (θd −θcurr)

ρ
(6.37)

Fs+d is the combined surface tension and dynamic contact angle force term that appears in
the Navier-Stokes momentum equation (2.2).

6.4.9 Step 9: Summary of DCA

1. Physical motivation: θd deviates from static equilibrium due to viscous dissipation at
moving contact line

2. Meniscus radii: rA, rR from advancing and receding angle geometry - Equation (6.26)

3. Static angle: curvature-weighted interpolation between θmda and θmdr — Equa-
tion (6.28)
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4. Dynamic correction: ∆θ via tanh of contact line velocity, bounded by hysteresis range
- Equation (6.29)

5. Dynamic angle update: θd = θs +∆θ - Equation (6.30)

6. Instantaneous angle: θcurr from wall and interface normal vectors

7. Restoring force: proportional to (θd − θcurr), tangential to contact line - Equa-
tion (6.32)

8. DCA coefficient: DCAcoe f = σ∆r2 from dimensional analysis

9. Combined force: Fs+d enters momentum equation
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7 HEAT TRANSFER AND PHASE CHANGE

This chapter extends the MP-LDD framework to thermal flows and phase change phenom-
ena by introducing an energy equation formulation compatible with the Lagrangian parti-
cle method. The developments include implicit thermal diffusion treatment, enthalpy-based
phase change modeling, and a hierarchical framework for buoyancy-driven flows with vari-
able density and viscosity.

The chapter is structured as follows: Section 7.1 derives the internal energy equation
for incompressible flows in the Lagrangian framework, establishing the foundation for heat
transfer modeling. Section 7.2 presents the enthalpy-based formulation that naturally incor-
porates latent heat effects during phase transitions, including the Implicit Phase-Coupled En-
ergy (IPCE) algorithm that ensures robust coupling between temperature and phase fraction
evolution. For liquid-vapor systems, a saturation check based on local pressure and tempera-
ture conditions is introduced to maintain thermodynamic consistency. Section 7.3 introduces
the Hierarchical Buoyancy Modeling Framework (HBMF), which adaptively selects appro-
priate density and viscosity models based on local temperature deviation and phase type,
enabling accurate simulation of natural convection with large temperature gradients. The
chapter concludes with an integrated solver workflow that demonstrates the sequential cou-
pling of momentum, energy, and phase change equations within each time step, establishing
a unified computational framework for multiphase thermal flows with phase transitions.

7.1 Enthalpy Based Energy Equation For Phase Change

While the internal energy formulation captures sensible heating, it does not explicitly ac-
count for latent heat effects during phase transitions. To address this limitation, the energy
equation is commonly recast in terms of enthalpy, defined as H = U + p/ρ [169, 170]. For
incompressible flows, the contribution of pressure work p/ρ is negligible, therefore, varia-
tions in enthalpy effectively represent changes in internal energy. A key advantage of the
enthalpy formulation is its ability to naturally incorporate latent heat through the phase frac-
tion fp, thereby providing a unified framework for modeling both sensible and latent heat
transfer. The total enthalpy can be expressed as:

H = cpT +L fp, (7.1)
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where cp is the specific heat capacity, L is the latent heat of phase change, and fp denotes the
phase fraction (ranging from 0 to 1), representing the fraction of material that has undergone
a phase transition. The sign of the latent heat contribution depends on the nature of the
transformation. Endothermic transitions, such as melting (solid → liquid) and vaporization
(liquid → vapor), require energy input from the surroundings, while exothermic transitions,
such as solidification (liquid → solid) and condensation (vapor → liquid), release energy.
This leads to the enthalpy formulation:

H =

cpT +L fp, endothermic processes (melting, vaporization),

cpT −L fp, exothermic processes (solidification, condensation).
(7.2)

Here, the positive latent heat term (+L fp) indicates energy absorption to sustain the phase
change process, while the negative term (−L fp) reflects energy release to the environment.
Correct treatment of this sign convention is essential to preserve energy conservation in nu-
merical models of phase change. Incorporating this definition into the conservation of energy
yields the enthalpy-based energy equation:

DH
Dt

= ∇ ·
(

k
ρ

∇T
)
+ρQ, (7.3)

where k is the thermal conductivity and Q represents the volumetric heat sources.
Figure 7.1 illustrates the enthalpy–temperature relationship for a generic material under-

going solid, liquid, and gas phases. In the solid, liquid, or vapor regions, enthalpy increases
linearly with temperature as a result of sensible heating. During phase changing, however,
enthalpy varies at constant temperature, reflecting the absorption or release of latent heat.
This graphical representation highlights how the enthalpy method conveniently unifies sen-
sible and latent heat contributions within a single formulation.

7.2 Implicit Phase-Coupled Energy (IPCE) Formulation

Implicit coupling of temperature and phase fraction using an enthalpy formulation has long
been recognized as a robust strategy for phase change problems because it inherently stabi-
lizes the energy update and accommodates latent heat effects without restrictive time step
limitations. In classical enthalpy methods, recasting the energy equation in terms of total
enthalpy and discretizing it implicitly prevents non-physical oscillations and unsteady tem-
perature behavior near the phase interface that often arise in explicit schemes [3]. Building
upon this concept, the Implicit Phase-Coupled Energy (IPCE) formulation in the present MP-
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Figure 7.1. Schematic representation of the enthalpy–temperature relationship during
phase change. The sloped regions correspond to sensible heating in single phases (solid,

liquid, or gas), while the horizontal plateaus represent isothermal phase transitions, where
enthalpy increases or decreases due to latent heat absorption or release.

LDD framework treats temperature T and phase fraction fp as primary variables rather than
solving directly for enthalpy. Substituting the enthalpy definition H = cpT +L fp into the en-
ergy equation yields a coupled temperature phase fraction form that explicitly incorporates
latent heat effects:

ρ
D(cpT +L fp)

Dt
= ∇ · (k∇T )+ρQ. (7.4)

Rearranging for the temperature evolution gives the following:

DT
Dt

= ∇ ·
(

k
ρcp

∇T
)
+

Q
cp

− L
cp

D fp

Dt
, (7.5)

where α = k/(ρcp) is the thermal diffusivity. Applying a variable-coefficient Laplacian
discretization to ∇· (α∇T ) and backward differencing in time results in the fully implicit
particle-level update:
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T n+1
i −T n

i
δt

=
2d ∑ j Li j

(
αi+α j

2

)(
T n+1

j −T n+1
i

)
∑ j Li j∥xi j∥2 +

Qi

cp,i
− L

cp,i

f n
i − f n−1

i
δt

, (7.6)

which can be rearranged as below:

T n+1
i −

δt 2d ∑ j Li j

(
αi+α j

2

)(
T n+1

j −T n+1
i

)
∑ j Li j∥xi j∥2 = T n

i +
δt Qi

cp,i
− L

cp,i

(
f n
i − f n−1

i
)
. (7.7)

It is convenient to define the pairwise diffusion coefficient as follow:

Di j =
2d Li j

∑ j Li j∥xi j∥2
αi +α j

2
,

so the discrete Laplacian contribution becomes ∑ j Di j(T n+1
j −T n+1

i ). Assembling the con-
tributions for all particles yields the sparse linear system:

∑
j

Ai j T n+1
j = bi, (7.8)

with

Aii = 1+δt ∑
j

Di j, Ai j =−δt Di j (i , j),

and the right-hand side

bi = T n
i +δt

Qi

cp,i
− L

cp,i

(
f n
i − f n−1

i
)
.

Equation (7.8) provides the fully implicit temperature update; note that the latent contribution
is treated here using the lagged phase fraction f n, consistent with the IPCE update sequence
described below. Once T n+1

i is obtained, the particle enthalpy is computed using the (lagged)
phase fraction:

H n+1
i = cp,i T n+1

i +L f n
i . (7.9)

Define the enthalpy thresholds,

104



Chapter 7: HEAT TRANSFER AND PHASE CHANGE

Hp0 = cpTsat , Hp1 = Hp0 +L, (7.10)

which represent the enthalpy at the onset (Hp0) and completion (Hp1) of phase change and
Tsat is the saturation temperature. The phase fraction is then updated according to the en-
thalpy criterion:

f new
p,i =



0, L < 0 (condensation/freezing), Hi ≥ Hp0,

Hi −Hp0

L
, L < 0, Hp1 < Hi < Hp0,

1, L < 0, Hi ≤ Hp1,

0, L > 0 (melting/boiling), Hi ≤ Hp0,

Hi −Hp0

L
, L > 0, Hp0 < Hi < Hp1,

1, L > 0, Hi ≥ Hp1.

(7.11)

To avoid abrupt jumps and improve numerical stability a relaxation is applied:

f n+1
i = (1−ω) f n

i +ω f new
p,i , 0 < ω ≤ 1. (7.12)

Particle material properties are then updated by linear interpolation between phases:

φ
n+1
i = (1− f n+1

i )φphase0 + f n+1
i φphase1, (7.13)

applied to ρ, µ, k, cp (and hence to α) for the next time step. This IPCE procedure ensures
a consistent, implicit advance of temperature and phase fraction while preserving the MP-
LDD variable-diffusivity discretization and allowing thermodynamic checks for vapor liquid
transitions [169, 171, 172]. In the proposed Lagrangian framework, heat transfer and phase
change are naturally coupled through the motion of particles that carry their own thermo-
dynamic and transport properties. The advection of enthalpy and temperature is inherently
captured as each particle moves with the local flow, eliminating numerical diffusion and
preserving stable thermal and phase interfaces.

7.2.1 Saturation Check via Temperature Criterion

For liquid vapor systems, relying solely on the enthalpy criterion can lead to non-physical
phase transitions, as latent heat absorption or release does not guarantee thermodynamic
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consistency. To address this, a local saturation condition is imposed based on the saturation
temperature Tsat corresponding to the local pressure, ensuring that phase change is thermo-
dynamically admissible. The saturation temperature is obtained by inverting the Antoine
relation, which empirically correlates the equilibrium vapor pressure to temperature:

log10 psat(T ) = A− B
C+T

, (7.14)

where A, B, and C are fluid-specific coefficients. Solving for Tsat yields:

Tsat(p) =
B

A− log10 p
−C, (7.15)

where p is the local pressure at the computational point. At each timestep and for every
computational point i, the local temperature Ti is compared with the saturation temperature
Tsat,i:

Ti ≥ Tsat,i. (7.16)

Phase transition is allowed only if this condition is satisfied. Otherwise, the phase fraction
f n+1
p,i is constrained to remain in the liquid state, even if the enthalpy indicates latent heat

availability. Enthalpy threshold Equation 7.10 has been updated based on the new Tsat for
computing the phase fraction. By combining this temperature-based saturation check with
the enthalpy criterion, the model prevents spurious vapor generation and maintains physical
consistency across a wide range of pressures and temperatures [173].

7.2.2 Phase Change Workflow

The computational procedure for modeling the phase transition is implemented, as illustrated
in Figure 7.2. The process initiates with the calculation of the spatial temperature field via
the governing energy equation defined in Equation 7.8. Once the temperature distribution
is established, the total enthalpy comprising both sensible and latent heat components is
computed using Equation 7.9. This enthalpy value serves as the basis for determining the
local phase fraction in Equation 7.11, which identifies the transition state of the material
(e.g., solid, liquid, or mushy zone). The workflow concludes by updating the effective ma-
terial properties through Equation 7.13, ensuring that parameters such as thermal diffusivity,
density and viscosity accurately reflect the current physical state of the domain.
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Figure 7.2. Sequential workflow for the phase change numerical solver.

7.3 Hierarchical Buoyancy Modelling Framework

Accurate prediction of buoyancy-driven flows in multiphase systems requires careful treat-
ment of density and viscosity variations, as these properties directly influence momentum
transport and phase interactions. Traditional approaches often rely on a single approxima-
tion, such as the Boussinesq assumption, which assumes density variations are negligible
except in the buoyancy term. While computationally efficient, the Boussinesq approxima-
tion is only valid for small temperature differences, typically when |T−Tref|

Tref
< 5% [174]. In

regions with larger temperature gradients, such simplifications can lead to significant inaccu-
racies in predicting flow dynamics. To address these limitations, the Hierarchical Buoyancy
Modeling Framework (HBMF) is proposed. HBMF adaptively selects the most appropriate
model for density and viscosity based on the local phase and temperature deviation from a
reference state. For points where the relative temperature deviation is small, i.e.,

ε =
|T −Tref|

Tref
≤ 0.05, (7.17)
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The Boussinesq approximation is applied for the computation of the density when there
is a change in temperature under 5%, and it is applicable for both liquid and gas phases:

ρ = ρref (1−β(T −Tref)) , (7.18)

where ρref is the reference density, β is the thermal expansion coefficient, and Tref is the
reference temperature. In this regime, density variations are small, and the fluid is treated as
nearly incompressible, which maintains computational efficiency while capturing buoyancy
effects as a source term in the momentum equation [174]. Viscosity is updated according to
the phase. For liquids, an Arrhenius-type temperature dependence is used:

µℓ = µref exp
(

Ea

RgT

)
, (7.19)

where µref is the reference viscosity, Ea is the activation energy, and Rg is the universal gas
constant [175]. For gases, Sutherland’s law is applied:

µg = µref

(
T

Tref,g

)3/2 Tref,g +S
T +S

, (7.20)

where S is the Sutherland constant, capturing the variation in gas viscosity with temperature
[176].

In regions where temperature deviations exceed the threshold (ε > 0.05), HBMF transi-
tions to phase-specific models. For likely liquid regions, where ρre f ≥ 10 , density is updated
using a linear temperature model:

ρ = ρref − γ(T −Tref), (7.21)

where γ = βρref is the linear thermal expansion coefficient, which follows the Boussinesq
approximation. Additionally, γ can be treated as a constant value defined for simulation
purposes. This allows for larger density variations while preserving numerical stability. For
likely gas regions, where ρ < 10, the ideal gas law governs the density:

ρ =
p

RT
, (7.22)

where p is the local pressure and R is the specific gas constant. The use of the ideal gas
law should be interpreted in a low-Mach-number sense rather than as a fully compressible
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Figure 7.3. Flowchart of the Hierarchical Buoyancy Modelling Framework (HBMF). The
model selection is based on the local temperature deviation ε. For small deviations, the

Boussinesq approximation is applied. For larger deviations, phase-specific density models
are used. Viscosity is updated according to phase.

flow model. In this setting, the gas density is allowed to vary thermodynamically according to
the local pressure and temperature state, while the pressure field appearing in the momentum
equation and pressure Poisson correction primarily serves to enforce the kinematic incom-
pressibility constraint on the resolved velocity field. Accordingly, the present formulation
is intended for flow regimes in which Mach numbers remain sufficiently small that acous-
tic compressibility effects are negligible, even though limited density variation is retained
through the equation of state. The approach should therefore be understood as a weakly
compressible or low-Mach approximation for gas-phase buoyancy modelling, not as a gen-
eral compressible gas-dynamics formulation. Viscosity is again computed using Arrhenius
or Sutherland models, corresponding to the liquid and gas phases. This hierarchical selection
ensures smooth transitions between approximations while accurately capturing both buoy-
ancy and viscous effects. This variation in density and viscosity is used in the conservation
Equation 3.2 as a variable density and viscosity. The HBMF provides several advantages. By
applying the Boussinesq approximation where low temperature variation. In areas with sig-
nificant temperature differences, the framework uses physically accurate, phase-dependent
models, enhancing predictive fidelity. This approach is particularly suitable for multiphase
flows with high temperature gradients, phase change, or stratified density fields, where dif-
ferent regions of the domain require distinct physical treatments. Overall, HBMF represents
a robust, adaptive, and physically consistent methodology for simulating buoyancy-driven
multiphase flows.

The HBMF formulation adopted in this work employs threshold-based switching be-
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tween buoyancy models in order to distinguish efficiently between low-density-contrast and
strongly variable-density regimes. While this strategy is computationally convenient and
a practical working solution. The abrupt switch at the prescribed threshold is not mathe-
matically smooth and may introduce non-physical sensitivity in regions close to the tran-
sition point. For this reason, the present threshold should be regarded as a practical mod-
elling choice rather than a uniquely defined physical boundary. In future developments, a
smooth transition-zone formulation based on continuous blending between the Boussinesq
and variable-density models would provide a more robust and physically gradual representa-
tion, and the present density-based liquid–gas criterion could likewise be replaced by a more
systematically justified regime indicator.

7.4 Phase Change Solver workflow

The proposed MP-LDD framework follows a fully Lagrangian and sequential solution strat-
egy in which fluid flow, heat transfer, and phase change are tightly coupled within each time
step. The overall numerical workflow adopted in the present study is illustrated in Fig. 7.4
and is summarized below.

At the beginning of the simulation, the computational domain is initialized by apply-
ing the prescribed translation and rotation, when required, to account for moving reference
frames or rigid body motion. This step ensures consistency between the physical configura-
tion and the particle-based representation before time integration. The particle positions are
then advected using the updated velocity field. To preserve numerical stability and maintain
a high-quality particle distribution, a point cloud regularization procedure is applied after
advection. This regularization step prevents particle clustering and void formation, which
is particularly important for simulations involving large deformations or buoyancy-driven
flows. Surface tension forces and dynamic contact angle effects are subsequently evaluated
and incorporated into the momentum equation. This treatment enables accurate modeling
of interfacial dynamics and wetting behavior at fluid solid boundaries. The pressure field
is then obtained by solving a pressure Poisson equation derived from the incompressibility
constraint. A single pressure field is employed for all phases, which allows the method to
robustly handle large density ratios while preserving a sharp and stable interface. Following
the pressure correction, the velocity field is updated. The updated velocity accounts for the
combined effects of pressure gradients, viscous stresses, surface tension forces, and body
forces. Thermal transport is solved next by updating the temperature field. Buoyancy effects
induced by temperature dependent density variations are included through a body force term,
providing two way coupling between the thermal and momentum equations. Phase change is
modelled using an enthalpy based formulation in which latent heat effects are implicitly cou-
pled with the temperature field. The local phase fraction and thermophysical properties are
updated consistently based on the enthalpy, ensuring numerical robustness and preventing
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Figure 7.4. Flowchart of the MP–LDD solver workflow for coupled flow, heat transfer,
surface tension, and phase change simulations.

non-physical temperature oscillations near the phase interface. Finally, an automatic time-
stepping strategy is employed to adapt the time step. The above procedure is repeated until
the prescribed end time or convergence criterion is reached.

7.5 Numerical Procedure of the Heat Transfer and Phase
Change Formulation

7.5.1 Part I: Enthalpy-Based Energy Equation

Step 1: Motivation - From Internal Energy to Enthalpy

The internal energy form of the energy equation captures sensible heating but does not ex-
plicitly account for latent heat during phase transitions. To remedy this, the energy equation
is recast in terms of specific enthalpy H, defined as:
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H =U +
p
ρ

(7.23)

where U is the specific internal energy, p is pressure, and ρ is density. For incompress-

ible flows the pressure-work term p/ρ is negligible, so changes in H effectively represent
changes in U . The key advantage is that latent heat can be incorporated naturally through a
phase fraction fp ∈ [0,1], which represents the fraction of material that has undergone phase
transition:

H = cpT +L fp (7.24)

where cp is the specific heat capacity, T is temperature, and L is the latent heat of phase
change.

Step 2: Sign Convention for Latent Heat

The sign of the latent heat contribution depends on whether the process is endothermic or
exothermic:

H =

cpT +L fp, endothermic (melting, vaporisation): energy absorbed from surroundings,

cpT −L fp, exothermic (solidification, condensation): energy released to surroundings.
(7.25)

Correct treatment of this sign convention is essential to preserve global energy conserva-
tion in any numerical phase-change model.

Step 3: Enthalpy-Based Conservation of Energy

Substituting the enthalpy definition into the material-derivative form of the energy conserva-
tion law gives:

DH
Dt

= ∇ ·
(

k
ρ

∇T
)
+ρQ (7.26)

where k is the thermal conductivity and Q is the volumetric heat source (W kg−1). Equa-
tion (7.26) is the governing continuous equation for all subsequent discretisation steps.

7.5.2 Part II: Implicit Phase-Coupled Energy (IPCE) Formulation

Step 4: Expanding the Material Derivative of Enthalpy

Substituting H = cpT +L fp into Equation (7.26) and expanding the material derivative:
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ρ
D(cpT +L fp)

Dt
= ∇ · (k ∇T )+ρQ (7.27)

Dividing through by ρcp and rearranging so that the temperature evolution is isolated on
the left-hand side:

DT
Dt

= ∇ ·
(

k
ρcp

∇T
)
+

Q
cp

− L
cp

D fp

Dt
(7.28)

where α = k/(ρcp) is the thermal diffusivity. The term L
cp

D fp
Dt acts as a latent-heat source (or

sink) that couples temperature and phase fraction through the energy equation.

Step 5: Implicit Time Discretisation with Backward Differencing

Applying a first-order backward (implicit) difference in time to DT
Dt and a lagged (explicit)

approximation to the phase-fraction rate D fp
Dt ≈ f n

i − f n−1
i

δt :

T n+1
i −T n

i
δt

=

2d ∑
j

Li j

(
αi +α j

2

)(
T n+1

j −T n+1
i

)
∑

j
Li j ∥xi j∥2 +

Qi

cp,i
− L

cp,i

f n
i − f n−1

i
δt

(7.29)

where the spatial term uses the variable-coefficient Laplacian operator (analogous to Equa-
tion 5.27 in Appendix 5.2), with the arithmetic mean αi+α j

2 interpolating diffusivity across
phase interfaces.

Step 6: Rearrangement into an Implicit Equation for T n+1

Multiplying Equation (7.29) by δt and moving all terms containing T n+1 to the left-hand
side:

T n+1
i −

δt ·2d ∑
j

Li j

(
αi +α j

2

)(
T n+1

j −T n+1
i

)
∑

j
Li j ∥xi j∥2 = T n

i +
δt Qi

cp,i
− L

cp,i

(
f n
i − f n−1

i
)

(7.30)

Step 7: Pairwise Diffusion Coefficient

To simplify notation, the pairwise thermal diffusion coefficient is defined as:

Di j =
2d Li j

∑
j

Li j ∥xi j∥2 ·
αi +α j

2
(7.31)
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The discrete Laplacian contribution then compresses to ∑ j Di j(T n+1
j −T n+1

i ).

Step 8: Assembly of the Global Linear System

Collecting Equation (7.30) for all computational points yields the sparse linear system:

∑
j

Ai j T n+1
j = bi (7.32)

with coefficient matrix entries:

Aii = 1+δt ∑
j

Di j, Ai j =−δt Di j (i , j) (7.33)

and the right-hand side vector:

bi = T n
i +δt

Qi

cp,i
+

L
cp,i

(
f n
i − f n−1

i
)

(7.34)

The diagonal dominance of Ai j (since Aii > 0 and Ai j ≤ 0 for i , j) guarantees stability
of the implicit scheme without restrictive time-step limitations.

Step 9: Particle Enthalpy Update

Once T n+1
i is obtained from the linear system (7.32), the particle enthalpy is computed using

the lagged phase fraction f n
i (consistent with the implicit update sequence):

H n+1
i = cp,i T n+1

i +L f n
i (7.35)

Step 10: Enthalpy Thresholds for Phase Change

The onset and completion of phase change are delineated by two enthalpy thresholds com-
puted from the saturation temperature Tsat:

Hp0 = cp Tsat, Hp1 = Hp0 +L (7.36)

where Hp0 marks the beginning and Hp1 marks the completion of the phase transition.

Step 11: Phase Fraction Update via Enthalpy Criterion

The new phase fraction f new
p,i is determined by comparing Hn+1

i against the thresholds (7.36).
The sign of L distinguishes exothermic from endothermic processes:
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f new
p,i =



0, L < 0 (condensation/freezing), Hi ≥ Hp0,

Hi −Hp0

L
, L < 0, Hp1 < Hi < Hp0,

1, L < 0, Hi ≤ Hp1,

0, L > 0 (melting/boiling), Hi ≤ Hp0,

Hi −Hp0

L
, L > 0, Hp0 < Hi < Hp1,

1, L > 0, Hi ≥ Hp1.

(7.37)

Step 12: Relaxation of the Phase Fraction

To suppress abrupt jumps and improve numerical stability, the phase fraction update is re-
laxed:

f n+1
i = (1−ω) f n

i +ω f new
p,i , 0 < ω ≤ 1 (7.38)

where ω is the relaxation factor. Setting ω = 1 recovers the unrelaxed update; smaller values
damp oscillations near the phase interface.

Step 13: Material Property Update by Linear Interpolation

Once f n+1
i is known, all temperature- and phase-dependent material properties are updated

by linear interpolation between the two-phase values:

φ
n+1
i = (1− f n+1

i )φphase0 + f n+1
i φphase1 (7.39)

applied individually to ρ, µ, k, cp (and hence to α = k/(ρcp)) for the next time step.

7.5.3 Part III: Saturation Check via Antoine Relation

Step 14: Antoine Equation for Saturation Pressure

For liquid–vapour systems, the enthalpy criterion alone can produce non-physical phase tran-
sitions. Thermodynamic consistency is enforced by requiring the local temperature to exceed
the saturation temperature Tsat corresponding to the local pressure. The saturation pressure
is given by the empirical Antoine relation:

log10 psat(T ) = A− B
C+T

(7.40)

where A, B, C are fluid-specific coefficients.
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Step 15: Inversion for Saturation Temperature

Inverting Equation (7.40) to express Tsat as a function of the local pressure p:

Tsat(p) =
B

A− log10 p
−C (7.41)

Step 16: Saturation Criterion

At each time step and for every computational point i, phase change is permitted only when:

Ti ≥ Tsat,i (7.42)

If this condition is not met, the phase fraction f n+1
p,i is constrained to the liquid state re-

gardless of the enthalpy value, preventing spurious vapour generation. The enthalpy thresh-
olds (7.36) are recomputed with the updated Tsat,i at each step.

7.5.4 Part IV: Hierarchical Buoyancy Modelling Framework (HBMF)

Step 17: Temperature Deviation and Regime Selection

Traditional Boussinesq-based buoyancy models are only accurate for small temperature de-
viations, typically when:

ε =
|T −Tref|

Tref
≤ 0.05 (7.43)

The HBMF adaptively selects the density and viscosity model based on whether the local
ε falls below or above this threshold, and on the local phase.

Step 18: Small Deviation Regime (ε ≤ 0.05) - Boussinesq Approximation

When ε is small, density variations are treated with the linear Boussinesq approximation
(valid for both liquid and gas phases):

ρ = ρref
(
1−β(T −Tref)

)
(7.44)

where ρref is the reference density, β is the volumetric thermal expansion coefficient, and Tref

is the reference temperature. This approximation treats the fluid as nearly incompressible and
introduces buoyancy as a source term in the momentum equation, preserving computational
efficiency.

Step 19: Viscosity Models in the Small Deviation Regime

Viscosity is updated according to phase:
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Liquid phase - Arrhenius model:

µℓ = µref exp
(

Ea

RgT

)
(7.45)

where µref is the reference viscosity, Ea is the activation energy, and Rg is the universal gas
constant [175].

Gas phase - Sutherland’s law:

µg = µref

(
T

Tref,g

)3/2 Tref,g +S
T +S

(7.46)

where S is the Sutherland constant and Tref,g is the reference temperature for the gas [176].

Step 20: Large Deviation Regime (ε > 0.05) - Phase-Specific Density Models

When temperature deviations exceed the Boussinesq validity threshold, the HBMF transi-
tions to phase-specific density laws.

Liquid regions (ρref ≥ 10kgm−3) - Linear thermal expansion:

ρ = ρref − γ(T −Tref), γ = βρref (7.47)

where γ is the linear thermal expansion coefficient. This expression retains the functional
form of the Boussinesq approximation while allowing larger density variations without sac-
rificing numerical stability. The coefficient γ may alternatively be specified as a constant
calibrated to the material of interest.

Gas regions (ρ < 10kgm−3) - Ideal gas law:

ρ =
p

RT
(7.48)

where p is the local pressure and R is the specific gas constant. The ideal gas law accounts
for compressibility effects that become significant at large temperature gradients.

Viscosity: In the large-deviation regime, viscosity is again computed using the Arrhenius
model (7.45) for liquids and Sutherland’s law (7.46) for gases.

Step 21: Integration with the Momentum Equation

The density and viscosity values obtained from Steps 18–20 are used directly in the variable-
property Navier-Stokes momentum equation, replacing constant-property coefficients. This
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introduces buoyancy and viscous effects that vary continuously in space and time, consistent
with the local thermodynamic state.

For practical heat-transfer simulations, the interior discretisation described above must
be supplemented by appropriate thermal boundary conditions at solid walls and interfaces.
In the present particle framework, thermal boundary conditions are imposed at boundary
particles according to the prescribed type of thermal constraint.

For a Dirichlet boundary condition, the temperature is prescribed directly at the boundary,

T = Tb on ΓD, (7.49)

where Tb is the imposed boundary temperature. In the discrete system, this is enforced by
replacing the corresponding row of the linear system with the identity relation

Aii = 1, Ai j = 0 ( j , i), bi = Tb. (7.50)

For a Neumann boundary condition, the normal heat flux is prescribed,

−k ∇T ·n = qn on ΓN , (7.51)

where qn is the imposed outward heat flux and n is the outward unit normal vector. In the
particle framework, this condition is incorporated as an additional boundary contribution
to the discrete energy balance at the boundary particle, so that the prescribed thermal flux
modifies the right-hand side of the implicit temperature system.

For a Robin boundary condition, convective heat exchange with an external environment
is prescribed,

−k ∇T ·n = hc (T −T∞) on ΓR, (7.52)

where hc is the convective heat-transfer coefficient and T∞ is the ambient temperature. This
condition is treated as a mixed boundary condition, contributing both to the diagonal coef-
ficient of the boundary particle and to the right-hand side through the ambient-temperature
term.

Accordingly, Dirichlet conditions impose temperature directly, whereas Neumann and
Robin conditions act through prescribed boundary heat fluxes. The detailed implementation
of these boundary operators in the particle setting follows the same local-support philosophy
as the interior discretisation, with boundary particles carrying either prescribed temperature
values or equivalent flux contributions depending on the physical problem under considera-
tion.

7.5.5 Summary of the Heat Transfer and Phase Change

The complete formulation proceeds through the following logical sequence:
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1. Enthalpy definition (Equations (7.24)–(7.25)): Total enthalpy H = cpT ±L fp unifies
sensible and latent heat in a single scalar.

2. Continuous energy equation (Equation (7.26)): Material derivative of H equals dif-
fusive flux plus volumetric source.

3. Temperature–phase fraction form (Equations (7.27)–(7.28)): Expanding DH/Dt

separates sensible and latent contributions; α = k/(ρcp) emerges.

4. Implicit time discretisation (Equation (7.29)): Backward differencing of DT/Dt;
latent term lagged to f n.

5. Pairwise diffusion coefficient (Equation (7.31)): Di j absorbs the variable Laplacian
normalisation.

6. Linear system for temperature (Equations (7.32)–(7.34)): Diagonally dominant sys-
tem ∑ j Ai jT n+1

j = bi solved by PBICGSTAB.

7. Enthalpy update (Equation (7.35)): Hn+1
i computed from updated T n+1 and lagged

f n.

8. Phase change thresholds (Equation (7.36)): Hp0 and Hp1 bracket the isothermal tran-
sition.

9. Phase fraction update (Equation (7.37)): f new
p,i set by comparing Hn+1

i to thresholds;
sign of L distinguishes endo/exothermic.

10. Relaxation (Equation (7.38)): f n+1 = (1−ω) f n+ω f new damps interface oscillations.

11. Property interpolation (Equation (7.39)): ρ, µ, k, cp updated linearly between phase
values.

12. Saturation check (Equations (7.40)–(7.42)): Antoine inversion gives Tsat(p); phase
change suppressed if Ti < Tsat,i.

13. Boussinesq regime (ε ≤ 0.05, Equations (7.44)–(7.46)): Linear density correction;
Arrhenius or Sutherland viscosity.

14. Phase-specific regime (ε > 0.05, Equations (7.47)–(7.48)): Linear expansion for liq-
uids; ideal gas law for gases; viscosity unchanged in model form.
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8 VALIDATION AND VERIFICATION

This chapter presents comprehensive validation and verification of the computational frame-
work developed in the preceding chapters. The validation strategy encompasses individual
model components as well as coupled multiphysics scenarios, establishing the reliability, ro-
bustness, and numerical performance of the integrated MP-LDD framework through system-
atic verification against mathematical solutions, experimental data, and numerical findingss.

The chapter is categorised into four main sections: Section 8.1 validates the fluid-
structure interaction capabilities through classical FSI benchmarks. Section 8.2 demonstrates
the multiphase flow modeling accuracy for flows with density ratios from 2:1 to 1000:1.
Section 8.3 verifies the surface tension and dynamic contact angle implementations through
capillary-driven flow problems. Section 8.4 validates the energy formulation and buoyancy
modeling through heat transfer, natural convection and phase change benchmarks.

8.1 Fluid Structure Interaction

8.1.1 Testing of the LDD and Modal Solver

Validation of Sloshing in a Cuboidal Tank

The predictive capability of the LDD flow solver is assessed against published experimental
measurements from the sloshing test campaign reported by Rhee [177]. The test setup in-
volves a rectangular box-shaped container whose interior measures 1200 mm, 600 mm, and
300 mm in the x, y, and z directions respectively, as depicted in Figure 8.1.
Water is introduced into the tank up to one-fifth of its full capacity. A prescribed sinusoidal
rigid body translation is imposed in the direction of x-axis, with an excitation magnitude of
0.06 m and the period of oscillation is 1.94 s. The objective of the case is to establish whether
the LDD solver can accurately reproduce the experimentally measured impact pressure at
a specified sensor location in the given domain, fluid properties, and kinematic excitation
conditions. The time-averaged pressure signal recorded at the P1 sensor which is, located
570 mm from the tank origin in the x-direction, is extracted from the numerical simulation
and compared with experiment in Figure 8.2. The quantitative pressure deviations at the two
principal sloshing peaks are reported in Table 8.1.
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Figure 8.1. Cuboidal tank geometry used for the sloshing validation study.
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Figure 8.2. Pressure time history at sensor location P1 obtained from the LDD simulation
compared against the experimental measurements.
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Table 8.1. Deviation of numerically predicted pressure from the experimentally measured
values at the sloshing pressure peaks.

Region 1st Peak 2nd Peak
Deviation of pressure [kPa] 0.1 0.35

The numerically predicted peak pressure values of each sloshing exhibits a close match with
the experimental impact pressure measurements, validating the capacity of the flow solver
to accurately resolve sloshing-induced pressure loads. This level of agreement is of partic-
ular significance in the context of the modal superposition framework, as the pressure field
computed by the fluid solver serves directly as the forcing input to the structural equations
of motion. Inaccuracies in the predicted pressure field would propagate directly into errors
in the computed structural deformation, potentially compromising the safety assessment and
performance evaluation of the structural components under consideration. Confidence in the
fidelity of the flow solver under sloshing excitation therefore provides a reliable foundation
for the subsequent coupled FSI simulations.

Modal Analysis of a Cantilever Beam Under Free Vibration

validation of the modal solver implementation is conducted through an independent simula-
tion. In this analysis, a cantilever beam is exposed to a constant point load that is applied
instantaneously and sustained for the duration of the study. The beam measures 0.079 me-
ters in length and a cross-sectional width of 0.005 meters, and it experiences a tip force of 1
Newton, as depicted in Figure 8.3. The first five natural frequencies and their corresponding
mode shapes are extracted from a prior modal analysis, presented in Table 8.2 and visualised
in Figures 8.4 and 8.5.

Figure 8.3. Cantilever beam configuration experiencing constant tip load, used for
verifying the modal superposition implementation.
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Figure 8.4. X-Directional Displacement of the Cantilever Beam : Vibration Mode Shapes
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Figure 8.5. Y-Directional Displacement of the Cantilever Beam : Vibration Mode Shapes.

The analytical displacement response of a damped cantilever beam under a sustained tip load
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Table 8.2. First five natural frequencies of the cantilever beam.

Mode 1 2 3 4 5
Natural Frequency (Hz) 15.09 93.433 257.66 374.8 495.57

is obtained by superposing the contributions from each natural frequency according to:

y(t) =
n

∑
i=0

F
ω2

ni

(
1− e−ζωni t cos(ωdit)

)
(8.1)

where y(t) is the structural deflection at time t, F is the magnitude of the applied tip load,
and n denotes the total number of modes retained in the superposition. The factor F/ω2

n

normalises the static contribution of each mode. The exponential term e−ζωnt introduces am-
plitude decay due to viscous damping, with higher values of the damping ratio ζ producing
more rapid attenuation of the oscillatory response. The cosine term cos(ωdt) governs the
oscillatory component of the response at the damped natural frequency ωd , which is related
to the undamped natural frequency ωn through:

ωd = ωn

√
1−ζ2 (8.2)
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Figure 8.6. Validation of the numerically obtained dynamic displacement response against
the analytical solution for a cantilever beam subjected to a constant tip load.

Since the dynamic response is governed primarily by the initial mode shapes, all analyses
were carried out retaining the five lowest modes. The theoretical displacement history was
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computed using Equation (8.1) and compared against the numerically integrated response
obtained using the CFPI solver. The outcomes are depicted in Figure 8.6. The numerical
solution reproduces the theoretical prediction with a displacement discrepancy of the or-
der 1×10−4, offering robust confirmation of the correctness and numerical accuracy of the
modal solver implementation. It is noted that this case represents a relatively straightforward
loading scenario, and more demanding validation cases involving coupled fluid loading are
addressed in the subsequent sections.

8.1.2 Deformation of a Cantilever Gate

The bidirectional interaction between the fluid and structural solvers is verified against the
experimental benchmark of Antoci et al. [178], which involves the progressive deformation
of a flexible rubber gate under transient hydrodynamic loading. The test configuration re-
sembles a dam-break scenario in which a column of fluid is initially retained by a compliant
gate fixed along its upper edge to a rigid wall. As the fluid column is released, it exerts time-
varying pressure forces on the gate, inducing elastic deformation. The fluid domain within
the tank spans a length of A= 100 mm and reaches a height of H = 140 mm, while the rubber
gate has a height of L= 79 mm and extends downward to contact the tank floor. The gate ma-
terial is modelled as a linearly elastic isotropic material with a density of ρgate = 1100 kg/m3

and a Young’s modulus of E = 12 MPa. The fluid is water with a density of ρ = 1000 kg/m3

and a dynamic viscosity of µ = 10−3 Pa·s. Given the quasi-static nature of the deforma-
tion in this configuration, only the fundamental bending mode and its associated natural
frequency are retained in the simulation. The temporal evolution of the gate deformation
under the action of the fluid pressure field is presented in Figure 8.7. The computed defor-
mation pattern and its order of magnitude are consistent with the experimentally recorded
data reported by Antoci et al. [178], confirming that the coupling implementation accurately
transfers pressure loads from the fluid solver to the structural solver and reproduces the re-
sulting elastic deformation. The small discrepancy observed in the predicted displacement
magnitude is attributed to the inherently static character of the first mode approximation in
this loading regime, which introduces a minor deviation from the experimentally measured
response while preserving the correct qualitative behaviour.

8.1.3 Elastic Baffle in a Sloshing Tank

To examine the transient structural behaviour of a flexible body subjected to periodic hy-
drodynamic loading [179, 180, 181], a flexible baffle is incorporated at the bottom of the
sloshing tank described in Section 8.1.1 and shown in Figure 8.1. An identical sinusoidal
motion is imposed, characterised by an amplitude of 0.06 m and a period of 1.94 s. The tank
enclosure is treated as as non-deformable, leaving the baffle as the only deformable member
in the structural system, as illustrated in Figure 8.8.
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Figure 8.7. Time-varying behaviour of the cantilever gate deformation at t = 0.08 s, 0.16 s,
0.24 s, 0.32 s, and 0.40 s, compared against the reference experimental data.
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Figure 8.8. Schematic of the sloshing tank featuring a flexible baffle fixed at the base.

baffle geometry is defined by outer dimensions of 5 mm, 150 mm, and 120 mm along the
x, y, and z axes respectively. The baffle material is characterised by a density of 4096 kg/m³,
an elastic modulus of 38.4 MPa, and a Poisson’s ratio of 0.3. The first five mode shapes and
natural frequencies are extracted from a preliminary modal analysis and subsequently used
as input to the FSI simulation. The resulting mode shapes are depicted in Figure 8.9 and the
corresponding natural frequencies are listed in Table 8.3.

Table 8.3. First Five Vibration Modes of the Elastic Baffle.

Mode 1 2 3 4 5
Natural Frequency (Hz) 100.12 270.05 301.33 392.05 505.44
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Figure 8.9. First five mode shapes of the elastic baffle with the undeformed geometry shown
as a wireframe reference.

The baffle geometry, material parameters, and reference displacement data at monitoring lo-
cation D1 defined as the top-left extremity of the baffle when observed from the frontal plane
are adopted from the numerical study of Sampann [182]. The X-displacement predicted at
location D1 by the current numerical prediction is validated against the reference solution in
Figure 8.10, with quantitative deviations reported in Table 8.4.

129



Chapter 8: VALIDATION AND VERIFICATION

Table 8.4. Deviation of numerically predicted baffle deformation from the reference solution
of Sampann.

Region Peak Transition
Max Deviation of deformation [m] 0.005 0.01
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Figure 8.10. X-displacement at monitoring location D1 predicted by the current numerical
solution compared against the reference numerical data.

The two displacement histories follow the same qualitative trend throughout the simula-
tion, with particularly close agreement at the instants of peak deformation. A slightly larger
discrepancy is observed during the transitional phases between peak values, which is at-
tributable to the inherent limitation of the linear modal superposition assumption in captur-
ing strongly nonlinear transient behaviour. The results collectively confirm the accuracy of
the modal coupling framework in resolving the dynamic deformation of a flexible structure
under sustained cyclic fluid excitation.

8.1.4 Elastic Beam Subjected to Sloshing Loads in Shallow Oil

Further validation of the bidirectional coupled FSI framework is undertaken through
comparison with the measured and computational benchmark data reported by Idelsohn
et al. [183, 184]. This benchmark involves a flexible elastic beam mounted at the base of
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a liquid-filled tank subjected to rotational oscillatory excitation, and is closely analogous to
the configuration of Section 8.1.3, differing in the fluid medium and geometry. The test ge-
ometry consists of a rectangular tank housing a base-fixed elastic beam made of dielectric
polyurethane and fully immersed in sunflower oil.

The tank has internal dimensions of 609 mm, 344.5 mm, and 39 mm along the x, y,
and z axes respectively. The elastic beam is fixed ai the tank floor and has cross-sectional
and height dimensions of 4 mm, 57.4 mm, and 33.2 mm in the x, y, and z directions, as
depicted in Figure 8.11. The beam is characterised by a material density of 1100 kg/m³, an
elastic modulus of 60 MPa, and a Poisson’s ratio of 0.49.The surrounding sunflower oil has
a density of 917 kg/m³ and a kinematic viscosity of 5×10 m²/s. The tank is filled with oil up
to the full height of the beam. The first five mode shapes obtained from the modal analysis
are incorporated into the simulation, as shown in Figure 8.12, with the associated natural
frequencies listed in Table 8.5.

Table 8.5. First Five Vibration Modes of the Elastic Baffle.

Mode 1 2 3 4 5
Natural Frequency (Hz) 186.4 560.61 673.29 856.07 939.09

Figure 8.11. Tank and elastic beam configuration used for the sloshing validation study in
shallow oil.
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Figure 8.12. First five mode shapes of the elastic beam shown relative to the undeformed
wireframe geometry.

A sinusoidal rotational motion is imposed on the tank about the z-axis, with a peak ampli-
tude of 4 degrees and an oscillation frequency of 0.61 Hz. The horizontal displacement at the
free end of the beam is monitored throughout the simulation and compared against both the
experimental measurements and the numerical predictions from Idelsohn et al. [183], as pre-
sented in Figure 8.13. The computed results demonstrate satisfactory correspondence with
the benchmark data throughout the entire simulated time period. At the locations of maxi-

132



Chapter 8: VALIDATION AND VERIFICATION

mum deformation, the the obtained results show strong consistency with those of Idelsohn,
with the deviation remaining of the order 1× 10−4. Minor offsets observed at intermediate
time instants are attributable to the inherent constraints of the linear modal superposition
methodology. The results provide robust confirmation of the accuracy of the two-way cou-
pled FSI implementation across a range of excitation conditions and fluid-structure configu-
rations.
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Figure 8.13. X-directional displacement at the beam tip: comparison between the present
simulation and experimental and numerical reference solutions.

8.1.5 Impact of a Fluid Column on a Cantilever Beam

Having established the reliability of the FSI solver through the benchmark validations pre-
sented in Section 8.1.1, a further application is undertaken in which a cantilever beam experi-
ence an impulsive fluid impact followed by continuous periodic loading. The beam geometry
and material properties are consistent with those described in Section 8.1.1, retaining a cross-
sectional thickness of 5 mm. The computational domain measures 0.5×0.2 m and contains
a rectangular fluid mass of dimensions 0.1× 0.14 m initially positioned at the left edge of
the computational domain. The beam is positioned along the centreline of the domain, with
its clamped end aligned with the base of the tank. This configuration replicates a dam-break
loading scenario. The total simulation duration is 10 s with a fixed time interval of 1×10−3 s.
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The first five natural frequencies listed in Table 8.2 and the associated mode shapes shown
in Figures 8.4 and 8.5 are employed throughout. The spatial deformation pattern and pressure
distribution of the beam at successive time instants are shown in Figure 8.14. The displace-
ment histories at both the mid-section and the free tip along both the x and y directions are
presented in Figures 8.15 and 8.16, with zoomed views of the early response phase shown in
Figures 8.17 and 8.18.

Figure 8.14. Deformation of the cantilever beam and pressure distribution at successive
time instants during the dam-break simulation.

134



Chapter 8: VALIDATION AND VERIFICATION

0 2 4 6 8 10
Time[s]

−0.010

−0.005

0.000

0.005

0.010

0.015

X-
di
sp

la
ce

m
en

t[m
]

Time vs. X-displacement
Beam_Tip_LDD_Present_Study
Beam_Mid_LDD_Present_Study

Figure 8.15. X-directional deformation at the mid-section and free tip of the beam over the
full simulation duration.
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Figure 8.16. Y-directional deformation at the mid-section and free tip of the beam over the
full simulation duration.
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Figure 8.17. X-directional deformation at the mid-section and free tip of the beam during
the initial 1 s of the simulation.
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Figure 8.18. Y-directional deformation at the mid-section and free tip of the beam during
the initial 1 s of the simulation.

The structural response at t = 0.2 s reveals a clear superposition of multiple mode shapes,
reflecting the broadband frequency content of the initial impulsive loading. As the simula-
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tion progresses beyond t = 5 s, the response becomes progressively dominated by the fun-
damental bending mode, consistent with the preferential decay of higher frequency modal
contributions under sustained loading. This behaviour is reproduced consistently in both the
full-duration displacement histories and the zoomed early-time records, demonstrating the
capacity of the modal superposition technique to accurately resolve the relative contribu-
tions of individual modes to the overall structural response under complex transient loading
conditions.

8.1.6 Water Entry of a Wedge

The capability of the coupled LDD-modal solver to resolve impulsive hydrodynamic loads
and the associated structural response is assessed through simulation on impact of an de-
formable wedge entering flowing water , replicating the experimental study of Hossein-
zadeh [185]. The wedge features a V-shaped cross-section with a variable deadrise angle at
the keel, and has overall dimensions of 1500 mm, 940 mm, and 450 mm in length, breadth,
and depth respectively. The keel and base panels are reinforced by T-shaped longitudinal
and transverse stiffeners with profile T54 × 3 + 35 × 4 mm, each of 4 mm wall thickness,
positioned at the centrelines of the respective panels.

The wedge is fabricated from an aluminium alloy with a material density of 2700 kg/m3,
a Young’s modulus of 68 GPa, and a Poisson’s ratio of 0.33. Accurate representation of these
material properties is essential, as they govern the elastic response of the structure during
water entry and directly influence the predicted deformation under impact loading [185].
The water-filled tank has plan dimensions of 5 m × 5 m and a fill depth of 1.5 m measured in
the z-direction, as shown in Figure 8.19. The structural modal analysis and fluid simulation
both utilise a shared surface discretisation of the wedge consisting of 9200 triangular mesh
elements, illustrated in Figure 8.20.
The wedge is released from a height of 0.25 m above the undisturbed free water level, mea-
sured from the keel. Under gravity, the wedge accelerates during free fall, reaching an impact
velocity of U = 2.2 m/s at the instant of water entry. The simulation is conducted using a con-
stant time step of δt = 2.5×10−3 s. The first five structural modes extracted from the modal
analysis are presented in Figure 8.21, with the corresponding natural frequencies listed in
Table 8.6. These modal data are provided as input to the LDD-modal coupling framework.

Table 8.6. First five natural frequencies of the wedge.

Mode 1 2 3 4 5
Natural Frequency (Hz) 213.8 376.6 440.95 529.12 535.23
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Figure 8.19. Numerical configuration for the wedge water entry study, showing the tank
filled to 1.5 m depth with the wedge positioned 0.25 m above the free surface.

Figure 8.20. Surface triangulation of the wedge used for both modal analysis and the
LDD-modal coupling simulation.
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Figure 8.21. First five mode shapes of the wedge structure shown relative to the undeformed
wireframe geometry.

The evolution of hydrodynamic pressure and structural deformation throughout the water en-
try event is monitored and analysed. The dynamic pressure histories at monitoring points PS1
and PP1 on the wedge surface are validated against the experimental observations recorded
by Hosseinzadeh et al. [185] in Figures 8.22 and 8.23 respectively. The peak pressure values
predicted by the simulation agree with the experimental measurements within a deviation of
4%. A discrepancy is noted in the rate of pressure decay following the impact peaks, with
the simulated pressure signal diminishing more rapidly than the experimentally recorded one.
This behaviour is consistent with known differences between idealised numerical boundary
conditions and the physical dissipation mechanisms present in laboratory experiments.
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Figure 8.22. Dynamic pressure history at monitoring point PS1 compared against the
experimental reference measurements.
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Figure 8.23. Dynamic pressure history at monitoring point PP1 compared against the
experimental reference measurements.
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Upon impacting the water surface at 2.2 m/s, the wedge undergoes elastic deformation in
all three coordinate directions. The deformation state at the instant of peak impact loading
is presented in Figure 8.24, which shows the displacement fields in the X, Y, and Z axes
alongside the total deformation magnitude. The peak deformation observed across all co-
ordinate directions under maximum impact conditions reaches 36 m, which aligns with the
anticipated elastic behaviour of the stiffened aluminium structure subjected to the applied
hydrodynamic forces.

Figure 8.24. Distribution of structural displacements in the X, Y, and Z coordinate
directions and resultant deformation magnitude of the wedge under peak impact conditions.

8.1.7 Summary

The structural dynamics are represented through modal superposition, which reduces the
number of active structural degrees of freedom and avoids repeatedly solving the full struc-
tural system in its original form. Modal reduction methods are widely used for this purpose
because they lower computational cost by projecting the response onto a limited set of dom-
inant vibration modes. In addition, the structural model is incorporated directly within the
partitioned fluid–structure interaction procedure, allowing the coupled dynamics to be re-
solved without the expense of a fully monolithic formulation. While partitioned FSI frame-
works are commonly valued for their practical integration of flow and structural solvers.
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Therefore, the efficiency claim made in the thesis refers to the reduced structural problem
size, the avoidance of unnecessary full-order structural computations, and the practical cou-
pling strategy adopted for time-dependent simulations.

A systematic investigation of resolution dependence and numerical convergence remains
a relevant avenue for further research. Future work will broaden the verification of the
present framework through more comprehensive numerical assessment, supported by ap-
propriate quantitative error measures for the principal response variables. The staggered par-
titioned FSI formulation employed in this work is known to be potentially sensitive to added-
mass instability when fluid inertia becomes comparable to structural inertia. The benchmark
cases considered in this thesis were computed stably within the investigated parameter range,
but no general stability analysis is claimed here. A broader assessment of stability limits and
suitable mitigation strategies for strongly added-mass-dominated regimes is left for future
work.

8.2 Multiphase LDD

The predictive capability of the MP-LDD method is assessed through a systematic series
of validation studies, each targeting a distinct physical regime representative of the range
of multiphase flow configurations encountered in engineering practice. The validation cam-
paign is structured in order of increasing physical complexity. The sequence begins with a
two-dimensional Rayleigh-Taylor instability at a low density ratio, which provides a con-
trolled environment for assessing the accuracy of the interfacial dynamics formulation under
conditions of moderate density contrast. This is followed by a dam-break simulation over
a trapezoidal step, which introduces a high-density ratio water-air system and evaluates the
solver under conditions of rapidly evolving free surface flow. The complexity is then ele-
vated further through a dam-break configuration with a vertical obstacle, which combines
high-density ratio flow with violent wave impact and complex topological changes at the
interface. Two sloshing validation cases are subsequently presented: a two-dimensional
rectangular tank under harmonic sway excitation from Kishev et al. [186], and a dedicated
comparison against the experimental sloshing records of Rhee et al. [187] at a higher fill ra-
tio, together examining the robustness of the method under sustained oscillatory multiphase
loading. The validation sequence concludes with dispersal of oil within water across a sub-
merged barrier, a configuration characterised by a low density ratio and a density-stratified
interface, which tests the method’s ability to resolve buoyancy-driven interfacial evolution
between two immiscible liquids. Detailed discussion of results, quantitative comparisons,
and assessment of predictive accuracy for each configuration are provided in the subsections
that follow.
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8.2.1 Low Density Ratio Rayleigh-Taylor Perturbation

The 2D RT perturbation constitutes the first validation case for the MP-LDD multiphase for-
mulation. This classical test problem is of particular importance for multiphase methods,
as it directly exercises the accuracy of the interfacial representation and the stability of the
phase boundary treatment under conditions where gravitational destabilisation drives com-
plex interfacial morphology. The configuration and reference data adopted for this study are
drawn from the study of Cummins et al. [188] and Hu et al. [189], that provide established
benchmarks for this instability within the framework of particle-based multiphase simula-
tions.

Figure 8.25. Temporal development of the RT instability interface at dimensionless times
t∗ = 1, 3, and 5, compared against the Level Set results (white dotted line) and SPH results

(black dotted line) from the reference study.

The numerical simulation is conducted on a 2D rectangular domain with a height-to-width
of 2:1, with the coordinate system normalised by the domain width L = 1 m. The do-
main is occupied by two non-mixing fluids of differing densities: a heavier fluid of density
ρB = 1.8 kg/m3 is initialised above a lighter fluid of density ρA = 1.0 kg/m3, with downward
acceleration due to gravity g = 9.81 m/s2 acting to destabilise the configuration. Both fluids
share the same kinematic viscosity, giving a Reynolds number Re =

√
L3g/ν = 420. The

initial interface between the two fluid layers is perturbed by a sinusoidal displacement of the
form y/L= 1−0.15sin(2πx/L), which seeds the instability from a well-defined initial condi-
tion. The initial inter-point spacing is set to 0.0015 m. Zero-velocity boundary conditions are
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Figure 8.26. Point spacing convergence study showing the interface profile at t∗ = 5 for
spacings of 0.0015 m (red), 0.003 m (blue), and 0.006 m (fluorescent blue).

enforced along all domain boundaries, constraining the fluid velocity to zero at the enclosing
walls throughout the simulation. This configuration represents the canonical RT instability
setup, enabling examination of the progressive downward advancement of the heavier fluid
into the lighter phase and the consequent development of the characteristic finger-like and
mushroom-cap interfacial formation that define the nonlinear stage of the instability.

The temporal evolution of the RT instability is presented in Figure 8.25 at dimensionless
times t∗ = t

√
g/L of 1, 3, and 5. At t∗ = 1, the heavier fluid (red) has begun to form

nascent finger-like protrusions that penetrate downward into the lighter phase (blue), while
the lighter fluid simultaneously rises as counter-flowing plumes. By t∗ = 3, these initial
structures have evolved into the characteristic mushroom-shaped heads of the RT instability
as the nonlinear regime takes hold, with the interface exhibiting significant curvature and
topological complexity. At t∗ = 5, the instability has progressed into a strongly nonlinear
regime characterised by extensive interpenetration of the two phases, prominent mushroom-
cap formations, and the onset of interfacial roll-up. Comparison against the reference results
of Grenier et al. [62], represented by the Level Set (white dotted line) and SPH (black dotted
line) solutions, reveals strong qualitative agreement with the MP-LDD predictions at all three
time instances, confirming the ability of the method to accurately reproduce the dynamics
of RT instability including the spatial development of the interface and the characteristic
morphological features.

The influence of spatial discretisation on the fidelity of the interface representation is
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examined through a point spacing convergence study, presented in Figure 8.26. Three res-
olutions are compared at t∗ = 5: a fine spacing of 0.0015 m (red), an intermediate spacing
of 0.003 m (blue), and a coarse spacing of 0.006 m (fluorescent blue). The finest resolution
produces the sharpest and most geometrically accurate interface representation, capturing
the detailed morphological features of the instability with minimal numerical diffusion. The
coarsest resolution introduces perceptible interface smearing and a reduction in the fidelity of
the captured interfacial structures, while the intermediate resolution offers a balance between
numerical accuracy and computational expense. The convergence behaviour observed sup-
ports the selection of the finest spacing as the reference resolution for subsequent validation
cases requiring high-fidelity interface representation.

8.2.2 Dam Break Over a Trapezoidal Step

The second validation case addresses the two-dimensional dam-break flow interaction with
a trapezoidal obstruction, replicating the experimental configuration of Hatice [190]. The
computational domain is a rectangular channel of length 8.9 m and height 0.30 m. The
upstream reservoir section is initialised with a water column of height 0.25 m, while the
downstream region remains initially free of water. A trapezoidal obstacle of height 0.075 m
and base length 1 m is positioned 1.53 m downstream of the initial dam location, as illustrated
in Figure 8.27.

Figure 8.27. Computational domain and initial configuration for the dam-break over a
trapezoidal obstacle.

The water phase is represented as an incompressible fluid characterised by a density of ρw =

1000 kg/m3 and kinematic viscosity νw = 1×10−6 m2/s. The ambient air phase has a density
of ρa = 1.225 kg/m3 and a kinematic viscosity of νa = 1.5×10−5 m2/s. In the single-phase
reference case, the air domain is neglected and treated as an empty void in order to minimise
computational expense. The dam-break is initiated by the sudden withdrawal of the retaining
wall, releasing the water column into the dry downstream region. Zero-velocity boundary
conditions are enforced at all solid boundaries, encompassing the channel walls and the
faces of the trapezoidal obstacle. The inter-point spacing is set to 0.005 m and gravitational
acceleration is g = 9.81 m/s2.

Figure 8.28 presents a three-way comparison between the experimental observations of
Hatice et al. [190], the MP-LDD multiphase simulation, and the single-phase LDD results of
Bašić et al. [154] at six sequential time instants. The experimental data provide a quantitative
physical benchmark for validating both simulation approaches, while the single-phase LDD
solution serves as an additional numerical reference that enables a direct assessment of the
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Figure 8.28. Sequential snapshots of the dam-break flow over the trapezoidal obstacle at
t = 2.50, 3.00, 3.26, 3.54, 3.66, and 3.80 s: experimental observations (left column),
MP-LDD simulation (centre column), and single-phase LDD reference solution (right

column).

improvement afforded by the multiphase formulation. The MP-LDD results exhibit close
agreement with both the experimental measurementsand the single-phase reference across all
time snapshots, reproducing the wave propagation dynamics, the overtopping of the obstacle,
and the subsequent downstream flow patterns with high fidelity. The consistency between
the three sets of results confirms the accuracy and reliability of the MP-LDD formulation for
high-density ratio free surface flows involving interaction with solid obstacles.

8.2.3 Dam Break With a Vertical Obstacle

The dam-break interacting with a vertical obstacle replicates the benchmark configuration of
Hänsch et al. [191] and represents a more demanding validation scenario involving a high
water-to-air density ratio and energetic impulsive flow with complex wave breaking and
splashing dynamics. The computational domain is a square enclosure of dimensions 0.584×
0.584 m, with a rectangular obstruction of height 0.048 m and width 0.024 m positioned
0.292 m from the left boundary. Water occupies the left portion of the domain as the initial
fluid column, while air fills the remaining space. The material properties are: water density
ρw = 1000 kg/m3 with kinematic viscosity νw = 1×10−6 m2/s; air density ρa = 1.225 kg/m3

with kinematic viscosity νa = 1.48× 10−5 m2/s. The domain is discretized with a point
spacing of 0.0015 m. Zero-velocity boundary conditions are imposed on all solid boundaries
including the obstacle surfaces, while the top boundary is treated as an open surface with a
zero-pressure condition (p = 0). The initial configuration is shown in Figure 8.29.
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Figure 8.29. Initial configuration for the dam-break with vertical obstruction case, showing
the water phase(red) and air region (blue).

The qualitative evolution of the flow is compared against the experimental photographic
record of Hänsch et al. [191] in Figure 8.30 at successive time instants spanning the full
sequence of the dam-break event. The MP-LDD simulation reproduces the principal physi-
cal phenomena with high visual fidelity, including the initial advance of the water front, the
impact of the wave on the obstacle face, the overturning and folding of the water column,
the creation of the air cavity trapped behind the advancing wave front, and the subsequent
splashing and jet formation above the obstacle. The phase interface remains sharp and geo-
metrically well-defined throughout the simulation without exhibiting numerical diffusion or
spurious fragmentation, consistent with the physical observations. The strong visual corre-
spondence between the simulation and experiment across all stages of the dam-break event
demonstrates the robustness of MP-LDD in handling violent multiphase flow scenarios with
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large interfacial deformations and topological changes.

Figure 8.30. Temporal sequence of dam-break flow over the vertical obstacle from the
MP-LDD simulation compared against the experimental photographic record.
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Figure 8.31. Time history of the free surface water level from the MP-LDD simulation
compared against the experimental measurements.

Figure 8.32. Time-dependent pressure history at monitoring point P1 from the MP-LDD
simulation compared against the experimentally recorded measurements.

Quantitative validation is provided through comparison of the free surface water level history
and the transient pressure signal at monitoring point P1. The water level evolution presented
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in Figure 8.31 demonstrates that the MP-LDD method accurately captures the rapid fall of
the water surface during the initial collapse phase, as well as the subsequent partial recovery
as the flow redistributes within the domain. The predicted water level trajectory remains in
close agreement with the experimental measurements across the full time range considered,
confirming the capability of the method to reliably resolve the global mass balance and free
surface kinematics under violent flow conditions.

The time-varying pressure history at point P1 is presented in Figure 8.32. The simula-
tion correctly reproduces the pronounced pressure peak at approximately 0.1 s associated
with the hydrodynamic impact of the collapsing water column, accurately predicting both
the timing and the magnitude of the peak pressure. The subsequent pressure attenuation and
the oscillatory decay that follows are also well-captured by the MP-LDD prediction. Minor
discrepancies are observed in the late-time oscillatory regime beyond approximately 0.3 s,
where the simulated pressure signal decays somewhat more rapidly than the experimental
record. This behaviour is attributed to a combination of numerical dissipation in the pressure
solver and slight differences in the effective interface thickness between the simulation and
the physical experiment. Notwithstanding these minor deviations, the close overall agree-
ment validates the capacity of MP-LDD to resolve high-pressure-gradient transient events
and to maintain interfacial stability under conditions of violent multiphase flow.

8.2.4 Sloshing in a Harmonically Excited Rectangular Tank

The behaviour of the MP-LDD method under sustained oscillatory multiphase loading is
assessed through replication of the sloshing experiment of Kishev et al. [186]. The compu-
tational domain represents a 2D rectangular domain of length 0.6 m and height 0.3 m. The
tank is partially filled with water to a depth of 0.12 m from the base, with the remaining
upper volume occupied by air. The water density is ρw = 1000 kg/m3 with kinematic viscos-
ity νw = 1.0×10−6 m2/s, and the air density is ρa = 1.225 kg/m3 with kinematic viscosity
νa = 1.5× 10−5 m2/s. The coordinate origin is located at the lower left corner of the tank,
and a pressure monitoring point is placed on the left wall at a height of 0.1 m from the base.
The domain is discretized with a uniform point spacing of 0.002 m, and no-slip boundary
conditions are applied at all solid boundaries. Both fluid phases are initialised at rest, and
gravity acts vertically downward at g = 9.81 m/s2.

A prescribed sinusoidal horizontal sway motion defined η(t) = Asin(2πt/T ) is imposed
on the tank, with an excitation amplitude of A= 0.05 m and an oscillation period of T = 1.5 s.
This excitation generates a time-varying free surface within the tank, producing a complex
interplay of wave propagation, run-up along the tank walls, wave breaking, and free surface
fragmentation at certain phases of the oscillation cycle.
Figure 8.33 presents side-by-side comparisons of the free surface geometry at four consecu-
tive points within the excitation cycle (t = 1.1T , 1.2T , 1.3T , and 1.4T ) between the exper-
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Figure 8.33. Free surface snapshots at t = 1.1T , 1.2T , 1.3T , and 1.4T : experimental
observations (left column), MP-LDD simulation (middle column), and single-phase LDD

reference solution (right column).

Figure 8.34. Pressure time history at the wall-mounted sensor located 0.1 m above the tank
base, comparing the MP-LDD prediction against the experimental pressure data.
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imental observations, the MP-LDD simulation, and the single-phase LDD solution of Bašić
et al. [42]. The MP-LDD results reproduce the experimentally observed wave morphology
with high fidelity at the first three time instants, accurately capturing the wave elevation pro-
file, the run-up along the left wall, and the progressive steepening of the wave front. At
t = 1.4T , a localised discrepancy is observed: the experiment shows water droplets sus-
pended from the upper wall following wave impact, while the MP-LDD simulation does
not reproduce this feature. This difference is attributed to the action of the PBD regulariza-
tion procedure, which enforces a uniform spatial distribution of computational points and
consequently prevents the formation of isolated droplet structures detached from the main
fluid body. Despite this limitation at the specific instant of droplet formation, the MP-LDD
method accurately captures the overall wave dynamics, the phase interface topology, and the
multiphase interaction patterns throughout the majority of the excitation cycle.

The quantitative comparison of the pressure history at the wall sensor is shown in Fig-
ure 8.34. The MP-LDD prediction (blue line) tracks the experimental pressure record (black
dots) with close agreement, accurately reproducing the timing and amplitude of the pressure
spikes associated with wave impact events, as well as the inter-peak pressure fluctuations.
These findings validate the MP-LDD formulation as a dependable and quantitatively accu-
rate tool for predicting pressure loads in oscillatory multiphase sloshing configurations.

8.2.5 Two-Dimensional Sloshing Validation

A two-dimensional sloshing case is conducted in a rectangular tank of length 1.2 m and
height 0.6 m, with an initial water fill level of 0.12 m, corresponding to 20% of the tank
height. This configuration replicates the experimental study of Rhee et al. [187]. The
tank is subjected to harmonic sway excitation with a period of T = 1.94 s and an ampli-
tude of 0.06 m. A pressure monitoring point is located on the bottom wall of the tank
at a distance of 0.57 m from the origin in the x-direction. The fluid properties are: wa-
ter density ρw = 1000 kg/m3 with kinematic viscosity νw = 1.0× 10−6 m2/s; air density
ρa = 1.225 kg/m3 with kinematic viscosity νa = 1.48× 10−5 m2/s. The computational do-
main employs a uniform point spacing of 0.004 m, and no-slip boundary conditions are
applied to all solid walls.
The time evolution of the free surface profile within the tank is illustrated in Figure 8.35
through a sequence of snapshots at normalised time instants t/T . The water phase (red)
undergoes progressive oscillatory redistribution within the tank in response to the sway exci-
tation, forming travelling waves that reflect from the tank walls and interact to produce time-
varying free surface profiles. The contour plots reveal a consistently sharp and well-defined
interface between the water and air phases (blue) throughout the duration of the simulation,
confirming the ability of the MP-LDD formulation to maintain interfacial integrity under
sustained cyclic loading without exhibiting numerical diffusion or interface broadening.
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Figure 8.35. Temporal evolution of the fluid motion within the two-dimensional sloshing
tank at successive normalised time instants t/T .

Figure 8.36. Pressure time history at monitoring point P1 from the MP-LDD simulation
(blue), the single-phase LDD simulation (red), and the experimental measurements (black).

The pressure history at monitoring point P1 is presented in Figure 8.36, comparing the
MP-LDD prediction (blue line) against the experimental measurements of Rhee et al. [187]
(black dots) and the single-phase LDD results of Paneer et al. [47] (red line). All three
datasets follow a consistent trend throughout the observation window, with close agreement
at the principal pressure peaks associated with the most intense sloshing events. The quan-
titative pressure deviations at the two peak locations for both simulation approaches are
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summarised in Table 8.7.

Table 8.7. Deviation of numerically predicted pressure from the experimental measurements
at the first and second sloshing pressure peaks.

Region 1st Peak [kPa] 2nd Peak [kPa] Method
1st peak 0.1 0.35 Single-Phase LDD
2nd peak 0.1 0.2 Multiphase MP-LDD

The pressure deviations listed in Table 8.7 indicate that both the single-phase and multi-
phase simulations produce comparable accuracy at the first pressure peak, with deviations of
0.1 kPa in both cases. At the second pressure peak, which is associated with a more intense
sloshing event, the MP-LDD simulation achieves a reduced deviation of 0.2 kPa compared to
0.35 kPa for the single-phase LDD formulation. This improvement reflects the capability of
the multiphase formulation to capture the pressure dynamics more accurately during severe
sloshing events through explicit representation of the air phase and its compressibility effects
on the pressure field near the interface.

8.2.6 Injection of Oil into Water

The final validation case addresses the injection of oil into a water-filled domain through a
submerged barrier, replicating the numerical study of Duan et al. [14]. This configuration
involves two immiscible liquid phases with a relatively modest density ratio, and is designed
to evaluate the accuracy of the MP-LDD method in resolving buoyancy-driven interfacial
evolution between fluids of similar density. The domain consists of a rectangular tank of
total length 1.6 m and height 0.25 m, divided into two compartments by a vertical barrier.
The left compartment is initially filled with water to a height of 0.1 m, and the right compart-
ment contains oil reaching a height of 0.25 m. The barrier separating the two compartments
contains a small rectangular aperture of width 0.02 m centred at a height of 0.05 m above
the base, through which the two fluids are permitted to exchange under the action of gravity.
The computational configuration is illustrated in Figure 8.37.

Figure 8.37. Computational domain configuration for the oil injection into water study,
showing the initial fluid distribution in the two compartments separated by the perforated

barrier.

Water has a density of ρw = 1000 kg/m3 and a kinematic viscosity of νw = 1× 10−6 m2/s.
Oil has a density of ρo = 897 kg/m3 and a kinematic viscosity of νo = 5.5741×10−5 m2/s.
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Figure 8.38. Comparison of the oil-water interface development at T = 0.2 s and T = 1.5 s
between the MP-LDD simulation and the reference numerical study.

Since oil is less dense than water, it naturally migrates to the upper portion of the water
column when the two phases come into contact, driven by the density differential and the
gravitational body force of g = 9.81 m/s2. A fine uniform point spacing of 0.001 m is ap-
plied across the computational domain to capture the detailed interfacial behaviour as the oil
infiltrates the water compartment through the barrier aperture.

The predicted oil-water interface development is benchmarked against the reference
dataset of Duan et al. [14] at two time instants, T = 0.2 s and T = 1.5 s, in Figure 8.38.
At the earlier time, T = 0.2 s, the oil has started to pass through the barrier aperture into the
water compartment, driven primarily by the hydrostatic pressure difference arising from the
unequal fill heights on either side of the barrier. Owing to its lower density, the oil accu-
mulates at the top of the water column as it enters the left compartment, producing a clearly
stratified configuration in which the oil-water interface separates the floating oil layer from
the underlying water mass. At this stage, both the simulated and reference results display a
well-defined and smooth interface at this stage. By T = 1.5 s, the oil has propagated further
into the water compartment and the flow has transitioned to a more complex pattern charac-
terised by a less regular interfacial geometry and greater spatial extent of the oil layer. The
reference data at this time show increased irregularity at the interface consistent with the on-
set of buoyancy-driven secondary instabilities, and the MP-LDD simulation reproduces this
behaviour with good qualitative fidelity. The consistency between the predicted and refer-
ence interface geometries at both time instants, together with the accurate reproduction of the
oil distribution and stratification dynamics, demonstrates the ability of the MP-LDD method
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to reliably replicate the behaviour between two immiscible liquids with a low density ratio
under the combined influence of pressure-driven and buoyancy-driven flow mechanisms.

8.2.7 Summary

The proposed MP-LDD formulation is intended to extend the original Lagrangian Differenc-
ing Dynamics. This framework to multiphase flow problems through an explicit represen-
tation of immiscible phases and their interface dynamics within a fully Lagrangian setting.
The central objective is to maintain a sharp and well-defined interface while avoiding the ar-
tificial density and viscosity smearing that commonly arises in diffuse-interface treatments,
thereby preserving the distinct material properties of each phase across the interface. The
validation studies presented for Rayleigh-Taylor instability, dam-break flows, sloshing con-
figurations, and oil-water interaction collectively demonstrate that the method is capable of
reproducing complex interfacial motion, strong density-ratio effects, and transient pressure
evolution with good qualitative and quantitative agreement against reference data.

In particular, future assessment of the MP-LDD framework should include tracking of
the total mass or volume of each phase throughout the simulation and reporting the asso-
ciated relative conservation error as a function of time. Further verification of long-time
conservation, interface accuracy & second order consistency at the interface, performance of
broader benchmark cases remains an important direction for future work.

8.3 Surface Tension and DCA

8.3.1 Square Droplet - Non Equilibrium Oscillation

The oscillation of liquid droplets under the action of surface tension forces constitutes a
fundamental phenomenon in multiphase fluid dynamics. Accurate simulation of this phe-
nomenon is crucial for validating surface tension models in computational frameworks, par-
ticularly under simplified conditions where gravity is absent and unbalanced surface tension
acts as the primary restoring force. In order to assess the surface tension model, the oscilla-
tion of a square ethanol droplet in a quiescent fluid due to unbalanced surface tension forces
is simulated, as illustrated in Figure 8.39.

The ethanol droplet, having a side length of 0.075 m, is surrounded by a low-density fluid
with no-slip wall boundaries. The ethanol properties are density (ρd = 797.88kg/m3), kine-
matic viscosity (νd = 1.4×10−6 m2/s), and surface tension coefficient (σ = 0.02361N/m),
while the surrounding fluid has a density (ρe = 1kg/m3) and a kinematic viscosity (νe =

1×10−5 m2/s).
The oscillation frequency is determined analytically using:

156



Chapter 8: VALIDATION AND VERIFICATION

Figure 8.39. Schematic of the Case Setup for Square Ethanol Droplet Oscillation

ω
2
n =

(n3 −n)σ
(ρd +ρe)R3

0
, (8.3)

where n is the oscillation mode, R0 =
√

Area
π

is the equivalent radius, and ωn is the angular
frequency. For n = 4, the oscillation period is 1.299 using the following equation:

T =
2π

ωn
. (8.4)

The analytically derived period matches well with the results obtained from our numer-
ical method, as shown in Figure 8.40. This agreement demonstrates the reliability of the
implemented surface tension model in predicting droplet oscillation dynamics.
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Figure 8.40. Non-equilibrium oscillation of square droplet at different time step

8.3.2 Bubble Rising

To validate the surface tension model within the MP-LDD framework under buoyancy-driven
interfacial dynamics, the classical benchmark problem of a rising bubble was reproduced
following the quantitative study of Hysing et al. [192]. This benchmark is widely used in
the multiphase flow community due to the availability of well-established reference data
and its ability to test both the interfacial tension formulation and the pressure-velocity cou-
pling in the presence of density and viscosity contrasts. The computational domain is a
two-dimensional rectangle of dimensions 1× 2 m. A circular bubble of radius r = 0.25 m
is initially centered at the coordinate (0.5, 0.5) m. The bubble is composed of a lighter
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fluid (fluid 2), while the surrounding medium consists of a heavier fluid (fluid 1). No-slip
boundary conditions are enforced at the top and bottom walls, while free-slip (zero tangen-
tial stress) conditions are applied on the lateral walls. Gravity acts in the negative y-direction
with a magnitude of g = 0.98 m/s2. The fluid properties used in this simulation are sum-
marised in Table 8.8.

Table 8.8. Fluid parameters used in the bubble rising simulation based on Hysing et al

ρ1 (kg/m3) ρ2 (kg/m3) µ1 (Pa·s) µ2 (Pa·s) g (m/s2) σ (N/m)
1000 100 10 1 0.98 24.5

This configuration corresponds to the high-surface-tension test case (Test Case 1) defined
by Hysing et al., characterised by a Bond number Bo = ρ1gr2/σ ≈ 1 and a Reynolds number
Re = ρ1

√
gr3/µ1 ≈ 35. These dimensionless numbers place the problem in a regime where

surface tension dominates over inertial effects, resulting in minimal interfacial deformation
and a nearly ellipsoidal bubble shape during the rise.

The simulation was advanced until t = 3 s, and the obtained results were benchmarked
against the reference data of Hysing et al. [192] using three quantitative metrics: bubble
shape, centre-of-mass position, and rising velocity. Figure 8.41 illustrates the bubble’s shape
and position at t = 3 s, where the white dots superimposed on the MP-LDD result repre-
sent the reference interface profile from Hysing et al. The MP-LDD framework resolves the
distinct interface accurately and the bubble adopts a slightly flattened ellipsoidal shape con-
sistent with the expected behaviour at high surface tension. The close agreement between
the MP-LDD interface contour and the reference data confirms the capacity of the method to
preserve a well-defined, non-diffuse interface without the need for ghost particles or explicit
interface reconstruction.

The vertical location of the bubble’s centre of mass was tracked throughout the simula-
tion and compared to the benchmark values, as shown in Figure 8.42. The MP-LDD result
follows the benchmark trajectory closely from the initial stages through to the end of the
simulation at t = 3 s. The bubble accelerates from rest due to buoyancy and progressively
decelerates as it approaches a terminal velocity. The MP-LDD framework reproduces this
transient behaviour accurately, with negligible deviation from the Hysing et al. data. The
correct prediction of the centre-of-mass trajectory validates both the momentum equation
and the pressure correction strategy incorporating the Young-Laplace pressure jump. The
temporal evolution of the bubble’s rising velocity is presented in Figure 8.43. The MP-LDD
method correctly captures the initial acceleration phase, the peak velocity, and the subsequent
velocity plateau as the bubble approaches its terminal rise speed. The maximum velocity and
the instant at which it is reached show close correspondence with the reference data. Minor
oscillations visible in the velocity signal near the peak are consistent with the transient dy-
namics associated with the vortex shedding and interfacial deformation at that stage, and
similar behaviour is also observed in the reference solutions.
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Figure 8.41. Comparison of bubble shape and position at t = 3 s obtained using MP-LDD
(coloured region) against the benchmark dataset of Hysing et al. (white dots).

Figure 8.42. Quantitative comparison of bubble rising dynamics: centre-of-mass trajectory
obtained with MP-LDD (blue solid line) against the reference data of Hysing et al. (red

markers).
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Figure 8.43. Quantitative comparison of bubble rising dynamics: rising velocity (Right)
obtained with MP-LDD (blue solid line) against the reference data of Hysing et al. (red

markers).

Overall, the three-way comparison in terms of shape, displacement, and velocity demon-
strates that the MP-LDD method faithfully replicates the behaviour of a buoyancy-driven
bubble under strong surface tension. The results validate the pressure jump initialisation
strategy based on the Young-Laplace equation and confirm the robustness of the Continuum
Surface Force (CSF) formulation integrated within the MP-LDD velocity equation. The
sharp-interface treatment employed by MP-LDD proves to be effective in maintaining nu-
merical stability over the full simulation duration without artificial smearing of the interface
or spurious velocity artefacts.

8.3.3 Static Contact Angle on a Square Droplet

To assess the contact angle model within the MP-LDD framework independently of dy-
namic wetting effects, a series of simulations were performed in which a square droplet was
allowed to reach its equilibrium shape on a flat solid surface under prescribed static con-
tact angles. This test isolates the capillary-driven deformation mechanism and provides a
direct means of verifying that the numerical framework correctly reproduces the equilibrium
droplet morphology as predicted by the Young equation. A square ethanol droplet of dimen-
sions 0.06×0.06 m was initialised at rest on a horizontal solid surface within a background
fluid. The droplet had a density of ρd = 797.88 kg/m3 and a surface tension coefficient of
σ = 0.02361 N/m. The surrounding background fluid had a density of ρb = 1.0 kg/m3 and a
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dynamic viscosity of µd = 10−2 Pa·s. Gravitational acceleration and all other external body
forces were deliberately excluded from this case so that the resulting equilibrium shape is
governed exclusively by surface tension and the imposed contact angle, enabling a clean as-
sessment of the contact angle model. The simulations were conducted for six values of the
equilibrium static contact angle, θs, spanning the full wettability spectrum from complete
wetting to complete non-wetting: θs ∈ {30◦, 60◦, 90◦, 120◦, 150◦, 180◦}. Each simulation
was run until a quasi-static equilibrium and at T = 2 s, where the droplet shape was analysed.

The equilibrium configurations obtained for each prescribed contact angle are presented
in Figure 8.44. The droplet morphology transitions systematically from a highly flattened,
spread shape at low contact angles to a nearly spherical cap at large contact angles, consistent
with the theoretical predictions of the Young-Laplace framework. At θs = 30◦, the droplet

Figure 8.44. Equilibrium shapes of a square ethanol droplet on a flat solid surface at
T = 2 s for static contact angles of θs = 30◦, 60◦, 90◦, 120◦, 150◦, and 180◦.

extends substantially along the wall and adopts a shallow, low-profile dome characteristic
of highly hydrophilic surfaces. As the contact angle increases to θs = 60◦, the spreading is
reduced and the droplet becomes noticeably taller. At θs = 90◦, the contact angle is neutral,
and the droplet assumes a semicircular profile where the interface meets the wall perpendic-
ularly. This is a particularly important reference case because the equilibrium condition is
geometrically exact and easy to verify analytically. For θs = 120◦ and θs = 150◦, the droplet
transitions into the hydrophobic regime: the base contact length decreases further, the droplet
height increases, and the curvature of the interface at the wall becomes distinctly obtuse. Fi-
nally, at θs = 180◦, the droplet makes contact with the wall only at a single mathematical
point and assumes a near-circular cross-section, corresponding to the condition of complete
non-wetting.

Importantly, in all cases, the measured contact angle of the equilibrium droplet shape
closely matches the prescribed value of θs, and the droplet profiles exhibit excellent sym-
metry about the vertical axis. The smooth, well-resolved interface at the triple line confirms
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that the force application at the contact point is handled correctly by the direct surface mesh
operation of MP-LDD, without the need for ghost particles or extrapolation schemes. These
results collectively validate the static contact angle model embedded in the MP-LDD frame-
work across the full range of wettability conditions, and provide a necessary foundation for
the more complex dynamic contact angle simulations that follow.

8.3.4 Effect of Surface Tension and Dynamic Contact Angle on Droplet
Spreading

To assess the individual and combined contributions of surface tension (ST) and the dy-
namic contact angle (DCA) model on droplet spreading dynamics, a parametric study was
conducted involving a semi-circular water droplet spreading on a flat horizontal surface un-
der gravity. Three distinct physical configurations were examined in parallel: (1) No ST +
No DCA, (2) ST + No DCA, and (3) ST + DCA. By progressively introducing each physical
mechanism, the role of each model in governing the contact line motion and droplet mor-
phology can be clearly isolated. A semi-circular droplet of radius r = 0.5 m was placed on a
flat horizontal surface. Acceleration due to gravity was applied in the downward direction to
drive the spreading process. The three configurations differ solely in which physical models
are activated:

• Configuration 1 — No ST + No DCA: Neither surface tension nor dynamic contact
angle effects are included. The droplet spreads under gravity and viscosity alone, with
no interfacial restoring forces.

• Configuration 2 — ST + No DCA: Surface tension is activated and the velocity equa-
tion via the Continuum Surface Force (CSF) formulation. No contact angle constraint
is applied at the triple line.

• Configuration 3 — ST + DCA: Both surface tension and the dynamic contact angle
model are active. The DCA model applies a tangential force at the contact line pro-
portional to the deviation between the dynamic and current contact angles, providing
additional resistance to contact line motion.

The droplet profiles for all three configurations are shown at two time instants, t = 0.05 s
and t = 0.10 s, in Figure 8.45 and Figure 8.46, respectively. Together, these snapshots reveal
the transient and quasi-steady spreading behaviour under each configuration.

Configuration 1 - No ST + No DCA. In the absence of both surface tension and contact
angle effects, the droplet undergoes the most aggressive spreading under gravity alone. At
t = 0.05 s, the droplet has already spread to a wide footprint and its height is visibly reduced.
By t = 0.10 s, the spreading has progressed further and the droplet has flattened dramatically,
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Figure 8.45. Droplet profiles at t = 0.05 s for the three configurations: ST + No DCA (top),
ST + DCA (middle), and No ST + No DCA (bottom).

extending nearly across the full width of the domain with a very low profile. The lack of any
interfacial restoring mechanism allows the gravitational force to dominate entirely, produc-
ing a thin, pancake-like morphology. This configuration serves as the reference baseline for
evaluating the restraining effects introduced in the other two cases.

Configuration 2 - ST + No DCA. With surface tension included but no contact angle
constraint, the droplet’s behaviour changes markedly. At t = 0.05 s, the droplet retains a
well-rounded, compact dome shape with a clearly visible and smooth curved interface, in
strong contrast to the flattened profile of Configuration 1 at the same instant. The surface
tension force resists the gravitational deformation of the interface, reducing the lateral spread
and maintaining a greater central height. By t = 0.10 s, however, the droplet has spread
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Figure 8.46. Droplet profiles at t = 0.10 s for the three configurations: ST + No DCA (top),
ST + DCA (middle), and No ST + No DCA (bottom).

significantly — the profile has flattened and the footprint has grown considerably compared
to the earlier time step. Without a contact angle model to pin or retard the contact line,
the triple point is free to advance, and the droplet eventually spreads to a wide, low-profile
shape. This reveals that while surface tension slows the spreading process, it is insufficient
on its own to arrest contact line motion over longer time scales in the absence of a wetting
constraint.

Configuration 3 - ST + DCA. When both surface tension and the dynamic contact angle
model are activated, the droplet exhibits the most physically constrained behaviour of the
three cases. At t = 0.05 s, the droplet profile is noticeably more compact and taller than
in Configuration 2, with a smoother and more symmetric interface. The DCA model im-
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poses a tangential force at the contact line that penalises rapid contact line advancement,
effectively retarding the spreading process beyond what surface tension alone can achieve.
At t = 0.10 s, the droplet in this configuration has spread less than Configuration 2 while
maintaining a greater height, and the interface remains well-defined and symmetric. This
behaviour demonstrates that the DCA model plays a crucial complementary role alongside
surface tension: it directly constrains the dynamics at the triple point, which is the primary
driver of lateral spreading, while surface tension governs the global shape of the free surface.

The progressive comparison across the three configurations at both time steps clearly
demonstrates the hierarchical role of the two physical models. Surface tension is the domi-
nant restoring mechanism that counteracts gravity and reduces overall spreading relative to
the unconstrained baseline. The dynamic contact angle model provides an additional and
physically distinct constraint at the contact line itself, further limiting the spreading foot-
print and producing a more compact, symmetric droplet profile at both early and late times.
Together, the two models yield a simulation that captures the full richness of real droplet
wetting behaviour, including the retardation of contact line motion commonly observed in
experimental studies of droplet spreading on partially wettable surfaces. These results vali-
date the implementation of both the ST and DCA models within the MP-LDD framework and
highlight their importance for accurate simulation of wettability-driven flows in applications
such as surface coating, inkjet printing, and microfluidic systems.

8.3.5 Summary

The results presented in this section show that the MP-LDD framework is able to capture
the principal capillary and wetting phenomena relevant to multiphase interface dynamics.
The surface tension model was assessed through non-equilibrium droplet oscillation and the
rising-bubble benchmark, while the contact-angle formulation was examined through static
contact-angle tests and comparative droplet-spreading simulations with and without surface
tension and dynamic contact angle effects. Taken together, these studies demonstrate that
the present formulation can reproduce interface restoration, bubble dynamics, equilibrium
wettability, and the influence of contact-line modelling on transient spreading behaviour.

Further work will focus on strengthening the capillary-scale verification of the method
through quantitative assessment of parasitic currents, more rigorous validation of the dy-
namic contact angle formulation against reference wetting data, and systematic evaluation of
capillary time-step restrictions in relation to adaptive time stepping.
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8.4 Energy Formulation

8.4.1 Heat Conduction

The study analyzes steady-state heat conduction within a two-dimensional square domain
filled with a fluid defined by constant thermophysical properties: density ρ = 1000kg/m3,
kinematic viscosity ν = 1×10−6 m2/s, specific heat capacity Cp = 100J/kg·K, thermal con-
ductivity k = 2W/m·K, and acceleration due to gravity g = 0m/s2 [193]. The boundary
conditions, as illustrated in Figure 8.47, impose fixed wall temperatures of 0 K on the left,
top, and bottom edges, while the right edge held at 100 K. The initial temperature throughout
the domain, including the center point Ti, is uniformly set to 0 K.

Figure 8.47. Case setup for the 2D heat conduction.

The absence of gravity eliminates convective motion, thereby isolating conductive heat
transfer governed by Laplace’s equation ∇2T = 0. This setup provides a controlled frame-
work for studying pure conduction effects and serves as a benchmark for validating a numer-
ical implementation of the energy equation within the MP-LDD framework. The problem is
simulated using the MP-LDD method. A uniform distribution of particles is initialized over
the domain (100×100), and the field of temperature is evolved using the discretized energy
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equation in the Lagrangian framework. Dirichlet boundary conditions are applied by fixing
the temperature values of boundary particles. The simulation continues until a steady-state
solution is attained. For the same grid size, the analytical solution for the temperature distri-
bution is obtained using the method of separation of variables. The solution Tanalytical(x,y) is
expressed as:

Tanalytical(x,y) =
4TH

π

∞

∑
n=1

1
2n−1

sinh((2n−1)πx)
sinh((2n−1)π)

sin((2n−1)πy) , (8.5)

where, x&y represents the gird positions, TH = 100K is the hot wall temperature and n

represents the summation index over odd integers. In this study, the series is truncated after
100 terms, which provides sufficient convergence for comparison.

Figure 8.48 represents that, MP-LDD temperature distribution closely mirrors the analyt-
ical reference both in gradient behavior and overall spatial pattern, confirming the numerical
method’s accuracy. Despite the difference in visual representation colour shading in MP-
LDD versus contour lines in the analytical model the temperature range and zone placements
remain consistent across both.

Figure 8.48. Comparison between analytical output (left) and MP-LDD output (right) for
temperature distribution.

Table 8.9. Error norms comparing MP-LDD and analytical solution.

Grid Resolution L1 norm [K] L2 norm [K]
100 × 100 0.0332 0.1778

To evaluate the accuracy of the MP-LDD solution TMP-LDD(x,y), it is compared pointwise
with the analytical solution. The absolute error at each particle position is described as:

e =
∣∣TMP-LDD(x,y)−Tanalytical(x,y)

∣∣ (8.6)
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The global error is quantified using the L1 norm (i.e. Mean Absolute Error) and L2 norm (i.e.
Root Mean Square Error) as follows:

∥e∥L1 =
1
N

N

∑
i=1

|e|, ∥e∥L2 =

√
1
N

N

∑
i=1

e2, (8.7)

where, N is the total number of particles used in the comparison. These norms provide
quantitative measures of the deviation between the MP-LDD and analytical results.

The results show that the MP-LDD solution closely matches the analytical profile, vali-
dating the implementation of the energy equation. The small values of the L1 and L2 norms
confirm that MP-LDD accurately captures steady-state conductive heat transfer in the do-
main. It can be seen in Table 8.9.

8.4.2 Buoyancy Driven Convection in a Square Cavity

To assess the precision of the proposed numerical framework in modelling buoyancy-driven
flows, a classical benchmark of natural convection within 2D square cavity subjected to dif-
ferential heating is considered. This test problem is commonly adopted in the literature as a
canonical case for validating convective heat transfer models, due to the availability of reli-
able reference data and its sensitivity to both thermal and momentum coupling mechanisms.

The computational domain consists of a square cavity of dimensions 0.0386m ×
0.0386m, as illustrated in Fig. 8.49. The vertical walls are differentially heated: the left
wall set to a higher temperature of 303K, while the right wall fixed at a lower temper-
ature of 283K. The horizontal walls are adiabatic, enforcing a zero heat flux condition.
No-slip velocity boundary conditions are imposed along all four walls. The fluid within
the cavity is initially quiescent and uniformly set to 293K. Air is used as the working
fluid and is modeled as an incompressible Newtonian medium with constant thermophys-
ical properties representative of standard ambient conditions. These include a density of
ρ = 1.204kg/m3, a kinematic viscosity of ν = 1.506× 10−5 m2/s, a specific heat capacity
of cp = 1006J/(kg ·K), and a thermal conductivity of k = 0.02587W/(m ·K). Gravitational
acceleration of g = 9.81m/s2 acts in the vertical direction. Under these conditions, buoy-
ancy arises naturally due to temperature-induced density variations, which are modeled via
the Boussinesq approximation. The flow is assumed to be laminar, consistent with the low
Rayleigh number regime imposed by the cavity dimensions and boundary conditions. To ver-
ify the accuracy of the numerical solution, a mesh convergence study was performed. The
domain was discretized with progressively refined point spacings, and the resulting varia-
tions in key thermofluid quantities such as velocity profiles and temperature gradients along
the cavity midlines were monitored. Convergence was considered achieved when successive
refinements yielded negligible changes in these quantities. The final configuration employs
a uniform point spacing of δr = 0.005m . This resolution was found to be sufficient for
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Figure 8.49. Representation of a square cavity (2D) subjected to thermal gradient boundary
conditions used for the buoyancy-driven convection benchmark.

capturing sharp thermal gradients adjacent to the heated and cooled walls, as well as the thin
boundary layers that govern buoyant circulation.

For generalization and to facilitate comparison with literature data, the governing vari-
ables are expressed in non-dimensional form using characteristic thermal and geometric
scales. The characteristic length is taken as the cavity height L = 0.0386m, and the tem-
perature scale is defined by the imposed temperature difference ∆T = Thot − Tcold = 20K.
The velocity, temperature, and time are non-dimensionalized as:

v∗ =
vLρCp

k

T ∗ =
T −TC

TH −TC

t∗ =
tk

L2ρCp
.

(8.8)

The dimensionless formulation facilitates the scaling of the results and highlights the in-
fluence of thermal diffusivity and specific heat on the transient evolution. The simulation
was carried out using the MP-LDD solver, which incorporates the heat conduction equation
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coupled with buoyancy-driven convection. Measurements were extracted at t∗ = 0.5, corre-
sponding to a dimensional time of t = 34.88s, which marks the point where the flow reaches
a steady state, as reported in benchmark studies presented by [194]. Figure 8.50 presents the

Figure 8.50. Normalized temperature distribution (T ∗) at steady state (t∗ = 0.5).

normalized temperature distribution (T ∗) within the cavity domain at steady state (t∗ = 0.5).
The spatial gradient from high to low temperature along the horizontal axis demonstrates
a clear thermally stratified flow, driven by buoyancy forces. The contour pattern reveals
a stable and symmetric thermal boundary layer near the hot and cold walls, with smooth
transitions in the core region, indicative of the model’s robustness. To validate the simu-
lation results, Figure 8.51 compares the dimensionless temperature profile (T ∗) along the
horizontal direction (x/L) at the mid-height location (y/L = 0.5) against the benchmark data
of [194]. The numerical predictions from the MP-LDD solver (blue curve) exhibit excellent
agreement with the reference data (black dots), particularly in regions with strong thermal
gradients near the vertical walls. Quantitative validation is further supported by the L1 and
L2 norm error values, depicted in Figure 8.52. The L1 norm error is calculated to be 0.012,
while the L2 norm is slightly higher at 0.014, confirming the accuracy and convergence of
the simulation. The marginally lower L1 value suggests that the solver effectively mini-
mizes the overall deviation across the domain, and the smooth error distribution underscores
the mesh adequacy (spacing of 0.0005m) established through the mesh convergence study.
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Figure 8.51. Comparison of MP-LDD simulation and benchmark results: Normalised
temperature profile (T ∗) along x/L at mid-height (y/L = 0.5).

Figure 8.52. Comparison of MP-LDD simulation and benchmark results: Associated L1
and L2 norm errors quantifying deviation from the reference data.

Collectively, the visual and numerical validations substantiate the fidelity of the MP-LDD
method in capturing buoyancy-driven convection phenomena. The results agree well with
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prior benchmark studies, confirming that the solver can reliably simulate laminar natural
convection under differential heating conditions.

Figure 8.53. Density distribution in the cavity at steady state.

Figure 8.54. Velocity distribution in the cavity at steady state.
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Figure 8.55. Visualisation of flow dynamics.

Figure 8.56. Buoyancy-driven motion is reflected in magnitude and direction, with
benchmark comparison confirming model accuracy.

Figure 8.53 illustrates the density distribution within the cavity at the steady state, reveal-
ing the interplay between temperature-induced variations and buoyancy-driven flow. Due
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to the thermal stratification between the heated left wall (303K) and the cooled right wall
(283K), density gradients emerge throughout the domain. Regions adjacent to the hot wall
exhibit lower density, while the cooler areas near the right wall retain higher density val-
ues. This inverse relationship between temperature and density drives the buoyancy effect,
whereby lighter fluid rises and denser fluid sinks, forming the characteristic convective loop
and it can also be seen in Figure 8.54. The smooth and continuous variation observed in the
density contour supports the laminar nature of the flow and validates the physical consistency
of the numerical model.

Figures 8.55–8.56 together provide a comprehensive view of the flow dynamics within
the cavity, emphasizing both the magnitude and directionality of the velocity field driven
by thermal gradients. The velocity magnitude contour (Figure 8.55) highlights regions of
intense motion, with peak values nearing 70m/s near the hot wall where buoyant fluid rises.
The downward flow adjacent to the cooled wall shows significantly lower velocities, illustrat-
ing the asymmetry created by thermal stratification. Complementing this, the vertical veloc-
ity component (v-direction) map in Figure 8.56 further distinguishes upward and downward
motions. Bright regions along the hot wall confirm strong buoyant ascent, while darker zones
reflect gravitational settling of cooler, denser fluid. This vertical transport plays a pivotal role
in sustaining the convective loop. To validate these findings, Figure 8.56 compares the nor-
malized vertical velocity along the horizontal mid-plane (y/L = 0.5) against benchmark data
from Wan et al. The MP-LDD simulation closely aligns with experimental trends, capturing
characteristic peaks and troughs at expected positions. These results verify the reliability of
the numerical model and indicate that the flow is laminar.

8.4.3 Stefan Problem - Vaporization

To evaluate the performance of the proposed MP-LDD framework in handling phase change
phenomena, a classical two-dimensional Stefan problem is considered [195]. This bench-
mark involves the vaporization of a liquid initially at saturation temperature, with a constant
temperature difference imposed at the boundary. The problem admits an analytical solution
based on the Neumann formulation of the Stefan condition, making it a widely accepted test
case for assessing numerical methods.

Figure 8.57. Case setup of the 2D Stefan problem for the vaporization process.
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Figure 8.58. Temperature distribution along the x direction of the MP-LDD result at 300
sec.

Figure 8.59. Density distribution along the x direction of the MP-LDD result at 300 sec.

The simulation domain is defined as a rectangular region with dimensions 1× 0.2 m
(Figure 8.57). The liquid is initially at saturation temperature Ti = Tsat = 10 K. At the
upper boundary, a constant temperature T = Tsat + 2 K is imposed to drive the phase
change, while the other boundaries are adiabatic (q = 0 W/m2). The simulation em-
ploys the following physical parameters: liquid density ρl = 2.5 kg/m3, kinematic vis-
cosity νl = 3.92 × 10−2 m2/s, heat capacity cp,l = 10 J/kgK, and thermal conductivity
kl = 1.5× 10−3 W/mK. The vapor phase properties are: density ρv = 0.25 kg/m3, kine-
matic viscosity νv = 2.8× 10−2 m2/s, heat capacity cp,v = 10 J/kgK, and thermal conduc-
tivity kv = 3.5× 10−3 W/mK. The specific latent heat of phase change is L = 100 J/kg.
Figure 8.58 and 8.59 illustrate the spatial distribution of temperature and density along the
x-direction at t = 300 s. The vaporization process results in the growth of a vapor region
with reduced density, while the temperature field exhibits a sharp gradient near the moving
interface. The MP-LDD framework successfully resolves both the temperature discontinuity
and the density jump across the interface, without introducing spurious oscillations.

The analytical solution of the one-dimensional Stefan problem is computed by assuming
a vapor domain 0 ≤ x ≤ xΓ(t) in contact with a heated wall at x = 0, maintained at tem-
perature Tw, while the liquid region is kept at the saturation temperature Tsat. The vapor
temperature Tg(x, t) satisfies the heat conduction equation

∂Tg

∂t
= αg

∂2Tg

∂x2 , (8.9)
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Figure 8.60. Temporal evolution of the two-phase vapour-liquid boundary position for the
2D Stefan problem at various grid resolutions. Symbols represent the analytical Neumann

solution, while lines denote MP-LDD results. The inset highlights the asymptotic
convergence of the 0.005 mm mesh at t = 300 s. The corresponding L1 and L2 error norms
(bottom) indicate a > 97% reduction in numerical error when refining the mesh from 0.01

mm to 0.005 mm.

Figure 8.61. Comparison of temperature distribution along the x-direction obtained from
MP-LDD and analytical solution at t = 300 s for the resolution of 0.005 mm.

with boundary conditions Tg(0, t) = Tw and Tg(xΓ(t), t) = Tsat. The interface position is
computed using the similarity form

xΓ(t) = s0 +2β
√

αg t, (8.10)
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where β is obtained by solving the transcendental Stefan condition

βeβ2
erf(β) =

cp,g (Tw −Tsat)

hlg
√

π
. (8.11)

Here αg = kg/(ρgcp,g) is the vapor thermal diffusivity, cp,g the specific heat, kg the thermal
conductivity, ρg the density, and hlg the latent heat of vaporization. Once β is computed
numerically, the the theoretical temperature profile within the vapour region is expressed as

Tg(x, t) = Tw +
Tsat −Tw

erf(β)
erf
(

x
2
√

αgt

)
, 0 ≤ x ≤ xΓ(t), (8.12)

while the liquid region is assumed to remain isothermal at Tsat for x ≥ xΓ(t) [195].
The time-dependent advancement of the phase boundary separating the vapour and liquid

regions is assessed against the closed-form analytical solution in Figure 8.60 across four dif-
ferent grid resolutions (0.005,0.007,0.009, and 0.01 mm). This comparison provides a rig-
orous basis for selecting the appropriate resolution, while the time step is set at 0.01 seconds.
While all resolutions show close agreement during the initial stages of the simulation, the de-
viation between the coarser meshes and the analytical solution increases over time, reaching
its maximum at t = 300 s. This widening gap is attributed to the accumulation of numerical
truncation errors as the boundary layer grows, necessitating a finer discretization to maintain
long-term fidelity. Quantitatively, refining the mesh from 0.01 mm to 0.005 mm results in
a reduction of the L1 and L2 error norms by approximately 97.8% and 98.5%, respectively.
The 0.005 mm resolution was therefore selected as the optimal grid size, as it demonstrates
an asymptotic approach to the analytical curve. Finally, Figure 8.61 compares the temper-
ature profile along the x-direction at t = 300 s with the analytical solution. The MP-LDD
predictions demonstrate strong correspondence with the Neumann solution, capturing both
the slope of the thermal gradient in the liquid domain and the plateau at T = Tsat in the va-
por region. The 2D Stefan problem validates the robustness of the MP-LDD framework in
capturing moving phase-change interfaces. The method demonstrates excellent agreement
with analytical solutions for both interface evolution and thermal fields, while maintaining
stability.

8.4.4 Two Dimensional Solidification

To further validate the MP-LDD framework for phase-change problems, a 2D solidification
case is examined. This reference case describes the growth of a solid region inside a liquid
domain that is initially in a uniformly superheated state, and subsequently cooled from the
boundaries. The case is widely reported in the literature and provides well-documented
reference data, making it a reliable test for assessing the predictive capability of the present
method.
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Figure 8.62. Schematic setup of the two-dimensional solidification benchmark problem.

The simulation domain is configured as a square of size 0.5× 0.5 m, as shown in Fig-
ure 8.62. The initial condition is a uniform liquid temperature of Ti = 337 ◦C, which lies
above the melting temperature Tm = 327 ◦C. The bottom and left boundaries are maintained
at a constant temperature of T = 300 ◦C, thereby initiating solidification at these walls. The
top and right boundaries are specified as adiabatic, enforcing a zero normal heat flux condi-
tion (qn = 0). This configuration drives solid growth from the cooled bottom and left sides
into the bulk of the liquid domain.

The material thermophysical characteristics assigned to both the liquid and solid phases
are summarized below:

Liquid: ρℓ = 10650 kg/m3, cp,ℓ = 30.7 J/(kg ·K), kℓ = 16 W/(m ·K),

Solid: ρs = 11340 kg/m3, cp,s = 26.65 J/(kg ·K), ks = 35.3 W/(m ·K),

L =−4.77×103 J/kg.

Here, the sign convention L < 0 indicates that latent heat is released during the solidi-
fication process. Simulations are advanced until t = 2350 s, with several point resolutions
considered to perform grid sensitivity studies. Figure 8.63 illustrates the temporal evolu-
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Figure 8.63. Evolution of density and temperature fields during the solidification process at
different time instances.
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Figure 8.64. Comparison of temperature distribution along the vertical centerline with the
results of Uyar et al.

Figure 8.65. Grid convergence analysis for the 2D Stefan solidification benchmark.
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tion of the temperature and density fields at four representative time instants (t = 500, 1500,
2000, and 2350 s). As cooling progresses, solidification initiates from the lower and left
boundaries and gradually extends toward the bulk liquid. The MP-LDD framework success-
fully tracks the progression of the phase-change boundary with well-defined sharpness. The
density field clearly differentiates the solid and liquid regions, while the temperature distri-
bution reflects the expected steep gradients near the interface and smoother variations within
the bulk phases.

For quantitative validation, temperature distributions along the vertical centerline of the
domain are compared against the reference numerical data of [127]. As depicted in Fig. 8.64,
the MP-LDD predictions are in excellent match with the reference data throughout the sim-
ulation. The model precisely reproduces the pronounced thermal gradients in the proximity
of the advancing solid liquid interface, as well as the nearly uniform temperature in the
bulk solid and liquid regions. This agreement demonstrates the capability of MP-LDD to
resolve sharp thermal fronts while maintaining stability. To further assess the robustness
of the framework, a grid convergence study was conducted by varying the number of dis-
cretization points in the domain. Figure 8.65 depicts the progression of the interface location
across varying resolutions. The outcomes confirm that as the point density is increased,
the interface evolution converges to a single profile. The difference between medium and
fine resolutions is negligible, confirming the grid independence of the MP-LDD solution.
A quantitative grid convergence study is conducted and Table 8.10 reports the L1 and L2
temperature error norms of the MP-LDD formulation with respect to the reference solution
of Uyar et al. As the grid is refined from 20× 20 to 66× 66, the L1 norm decreases from
0.6026 K to 0.2725 K, while the L2 norm decreases from 0.7468 K to 0.3510 K, indicating
a clear reduction in numerical error with mesh refinement.

Table 8.10. Grid convergence and error norms comparing the MP-LDD results with the
reference solution of Uyar et al.

Grid Resolution L1 norm [K] L2 norm [K]
20 × 20 0.6026 0.7468
50 × 50 0.3419 0.4567
66 × 66 0.2725 0.3510

The two-dimensional solidification benchmark provides a stringent test of the MP-LDD
framework for simulating phase-change phenomena. The method successfully captures the
evolution of the solidification front and reproduces thermal gradients consistent with pub-
lished reference data. The comparison with [127] demonstrates the accuracy of the predic-
tions, while the grid convergence study confirms the computational stability and reliability
of the numerical methodology. These results establish confidence in the capacity of the MP-
LDD framework to effectively address large-scale solidification problems involving sharp
phase interfaces, strong thermal gradients, and density variations.
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8.4.5 Film Boiling

The present study simulates film boiling of water at near-critical pressure using a two-
dimensional planar domain with a sinusoidal vapor-liquid interface, following the setup
described by [196]. The computational domain extends horizontally over half the Taylor
wavelength and vertically over twice that length. The lower wall is held at a fixed super-
heated condition with ∆Tsup = 10 K, while the upper boundary is treated as a solid wall.
No slip boundary conditions are applied on the vertical sides. Thermophysical characteris-
tics of water under near-critical operating conditions are employed in the simulations, with
liquid and vapor densities of ρl = 402.4 kg/m3 and ρv = 242.7 kg/m3, respectively. The dy-
namic viscosities are µl = 46.7 µPa·s and µv = 32.38 µPa·s, and the thermal conductivities
are kl = 545 mW/m·K and kv = 538 mW/m·K. The specific heats are cp,l = 218 J/kg·K and
cp,v = 352 J/kg·K. The surface tension is set to σ = 0.07 mN/m, and the latent heat of va-
porization is Lv = 276.4 kJ/kg. The Antoine coefficients for water are summarized in Table
8.11.

Table 8.11. Antoine equation coefficients for water used in the present study.

Substance A B C Valid Temperature Range [°C]
Water 8.07131 1730.63 233.426 1 – 100

Figure 8.66. Grid dependence study for the film boiling simulation. The panels show the
progression of the vapor bubble boundary (blue line) assessed against the benchmark data
by Biswas et al. (red dots) at varying particle spacings: (a) 3×10−5 mm, (b) 2.5×10−5

mm, and (c) 2×10−5 mm. Increased resolution demonstrates better convergence with the
experimental interface profile.

Table 8.12. Particle resolution study for the MP-LDD simulation at t = 0.1 s. The table
shows the interface height error (%) and L1/L2 norms for different particle spacings. The

results demonstrate convergence of both global and local interface features, with a particle
spacing of 0.000020 m providing the best overall accuracy.

Particle size (mm) Interface height error (%) L1 norm (m) L2 norm (m)
0.000030 16.6 4.66×10−5 5.64×10−5

0.000025 1.86 3.18×10−5 3.51×10−5

0.000020 0.27 2.86×10−5 3.16×10−5
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Figure 8.67. Density field of a vapor bubble in film boiling at near-critical conditions. The
red markers indicate reference points from Biswas et al and blue line show the vapor

boundary. The domain shows the formation of the bubble from a sinusoidal interface on a
superheated wall at 0.1 sec.

To verify the dependability of the MP-LDD simulation, a particle resolution study was
performed as illustrated in Figure 8.66. The particle spacing was refined incrementally until
further refinement produced negligible improvement in key solution metrics, including inter-
face height and interface shape. As shown in Table 8.12, the interface height error and geo-
metric L1/L2 norms decrease steadily as the particle spacing is reduced. The lowest errors are
achieved at a particle spacing of 0.000020 m, indicating that this resolution accurately cap-
tures both global interface features and local interface geometry. Therefore, δr = 0.000020
m was selected as the optimal particle spacing, balancing numerical accuracy. The evolu-
tion of the vapor bubble under film boiling conditions is visualized in Figures 8.67 and 8.68,
which show both the density and velocity fields at selected time instants. The simulation
captures the progressive transformation from the initial sinusoidal interface to the genera-
tion and rise of a vapor bubble due to localized heating. Figure 8.67 compares the predicted
vapor-liquid interface against reference data from [196] at 0.1 seconds. The red markers
represent the interface profile obtained in the reference study. The interfacial roughness ob-
served in the vapor boundary as marked in blue line in Figure 8.67 is fundamentally linked
to the treatment of the progressing interface within the MP-LDD framework. In a standard
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Figure 8.68. Evolution of density and velocity fields across three stages of phase change
(0.05s,0.1s&0.15s). Left column: temperature distribution. Right column: velocity

magnitude with streamlines.
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non-transitioning two-phase flow, the surface tension force is typically concentrated within
a sharp interface involving only two particle layers (one from each phase). However, in the
current transitioning case, the interface is characterized by a wider density gradient involving
a greater number of particle layers.

While this multi-layer involvement ensures a continuous transition of properties, it also
increases the sensitivity of the surface normal vector (n̂) and curvature (κ) calculations to
local particle discretization. Because a constant surface tension coefficient (σ) is applied
across these multiple layers, small-scale variations in local particle spacing (δr) and density
lead to localized force fluctuations. These fluctuations manifest as the observed numerical
wiggles at the interface. Furthermore, the motion of lower-density particles near the base
of the bubble stem results from the localised equilibrium between buoyant forces and the
distributed surface tension force, alongside recirculation zones generated by the bubble’s
progression. Despite these micro-scale numerical artifacts, the global bubble morphology
remains consistent with the comparative data from [196], suggesting that the volumetric
force scaling in Equation (6.20) correctly captures the macroscopic physics. Figure 8.68
presents the temporal progression of the phase change process through snapshots at t =

0.05 s, 0.1 s, and 0.15 s. The left column displays the density field, highlighting the liquid
(high density) and vapor (low density) regions, while the right column shows the velocity
magnitude and streamlines.

At t = 0.05 s, the initial vapor bubble begins to emerge from the superheated surface due
to localized phase change. The velocity field exhibits symmetric vortical structures on either
side of the vapor column, indicating the onset of buoyancy-driven convection. By t = 0.1 s,
the vapor bubble has grown significantly, forming a pronounced neck and cap structure.
The velocity streamlines demonstrate stronger vertical upward movement through the bubble
stem and recirculating regions in the surrounding liquid, consistent with enhanced buoyant
flow and latent heat transport. At t = 0.15 s, the vapor bubble exhibits a mushroom-shaped
morphology with continued upward propagation. The flow field is dominated by large-scale
convection loops that transport vapor upwards and draw liquid from the sides toward the
heated wall. These features are characteristic of film boiling behavior near the critical point,
where surface tension is low and thermal conductivity between phases is nearly matched.
The simulated results exhibit excellent agreement with the reference data from [196], with
only minimal qualitative deviations observed along the vapor-liquid interface. This strong
correlation validates the reliability and computational robustness of the numerical framework
in resolving near-critical film boiling behaviour.

Table 8.13 summarizes the wall-clock time required for the 2D film boiling simulations
at different particle resolutions. The GPU-based solver was carried out on a laptop config-
ured with an 11th Gen Intel® Core™ i7-11800H CPU (8 cores, 16 threads), 32 GB RAM,
and an NVIDIA RTX A2000 Laptop GPU (4 GB VRAM). The results demonstrate that the
GPU-based MP-LDD solver achieves practical computation times across a wide range of
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Table 8.13. Computational time required for 2D film boiling simulations at different
particle resolutions.

Point spacing (mm) Total points Average time step (s) Wall-clock time (s)
0.00001 53,350 8×10−6 681
0.00002 13,450 5×10−5 37
0.000025 8,280 6×10−5 28
0.00003 6,065 6×10−5 23

particle spacings. Even for the finest resolution of 0.00001 mm, involving more than 53,000
particles, the simulation completed within approximately 11 minutes. These results highlight
the practical feasibility of the framework for resolving phase change phenomena while main-
taining manageable computational costs. In the future, detailed computational efficiency will
be assessed for 3D industrial problems.

8.4.6 Summary

In this study, an implicit coupling strategy that connects the temperature field with the phase
fraction variable. This approach enhances the stability and efficiency of managing enthalpy
balance and latent heat during phase transitions. By representing thermophysical proper-
ties as smooth functions of the phase fraction, I ensured continuous material property fields
across phase boundaries. The evaluation of the latent heat source used phase fraction data
from the previous time step, which improved temporal stability without compromising ac-
curacy. Validation against benchmark cases for melting, solidification, and film boiling con-
firmed the effectiveness of the method in accurately reproducing phase front movement,
temperature distribution, and overall heat transfer metrics.

Looking ahead, while the current formulation effectively addresses latent heat in a semi-
implicit manner for stability and efficiency, future work could explore tighter coupling strate-
gies to tackle strongly nonlinear phase change problems more effectively.
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9 CONCLUSION AND FUTURE WORK

9.1 Conclusion

This thesis presented the development and validation of a unified fully Lagrangian meshless
computational framework, denoted Multiphase Lagrangian Differencing Dynamics (MP-
LDD), for the simulation of physically complex flows involving multiphase dynamics, in-
terfacial effects, thermally driven phase change, and fluid–structure interaction. The work
extends the original single-phase LDD method into a dimension-independent and mesh-free
formulation capable of treating strong discontinuities in density and viscosity, sharply evolv-
ing phase interfaces, surface tension and wetting effects, enthalpy-based phase transition,
and two-way structural coupling within a common numerical framework.

A central contribution of the thesis is the derivation and implementation of variable-
coefficient Laplacian operators within the MP-LDD discretization. These operators enable
physically consistent treatment of pressure and viscous terms in multiphase configurations
with abrupt material-property variation across the interface. In addition, a density-weighted
modification of the Position-Based Dynamics regularization procedure was introduced in
order to improve point redistribution near phase boundaries. This modification was shown
to suppress spurious inter-phase mixing, reduce artificial void formation, maintain a sharp
interface, and preserve a well-conditioned point distribution, particularly in flows involving
large density contrasts and strong interfacial deformation.

The multiphase formulation was assessed through a range of established benchmark
problems, including Rayleigh–Taylor instability, dam-break flows, sloshing in oscillating
tanks, and immiscible liquid–liquid interaction. Across these cases, the method demon-
strated robust interface preservation and good agreement with available experimental, nu-
merical, and reference data over the investigated parameter range.

The framework was further extended to include capillary and wetting phenomena through
the incorporation of surface tension and a dynamic contact angle model. This enabled simu-
lation of wall-bounded interfacial flows in which curvature, capillary forces, and contact-line
dynamics play a dominant role. Validation studies, including film boiling configurations,
showed that the method is able to reproduce key features such as bubble nucleation, growth,
detachment, and the associated thermal transport behaviour.

Thermally driven phase change was incorporated through the development of an Implicit
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Phase Change Enthalpy (IPCE) formulation. Within the Lagrangian setting, this approach
provides a natural treatment of thermal advection and phase transport while avoiding the
numerical diffusion commonly associated with fixed-grid methods. The implicit coupling
between temperature and phase fraction yielded stable and efficient treatment of latent heat
effects, and the corresponding validation cases demonstrated accurate prediction of phase-
front evolution, temperature fields, and integral heat-transfer behaviour.

A two-way weakly coupled FSI capability was also established through coupling of the
LDD solver with a modal superposition structural model. By projecting structural defor-
mation onto precomputed vibration modes, the structural response could be integrated effi-
ciently while remaining compatible with the fluid time scale. Because both solvers operate
on a shared surface description, the coupling avoids remeshing and geometric interface re-
construction. Validation against compliant baffle, elastic gate, and deformable wedge bench-
marks demonstrated that the coupled formulation is capable of capturing hydrodynamic load-
ing and the associated structural response with good accuracy.

Overall, the work presented in this thesis establishes MP-LDD as a unified meshless
Lagrangian framework for the simulation of coupled multiphase, capillary, thermal, and
fluid–structure interaction problems. The results demonstrate that the method provides a
robust and extensible basis for the analysis of complex engineering flows involving sharp
interfaces, strong material contrasts, phase transition, and structural deformation, while re-
maining compatible with efficient GPU-based computation.

9.2 Future Work

Although the MP-LDD framework has demonstrated robustness and good predictive capa-
bility across the range of benchmark problems considered in this thesis, several important
directions remain for further development. These relate not only to extension of the frame-
work toward broader multiphysics applications, but also to deeper verification of the present
formulations, particularly in relation to conservation, interfacial accuracy, capillary effects,
and coupled fluid–structure stability.

9.2.1 Further Verification and Conservation Assessment

An important next step is a more systematic quantitative assessment of the core numerical
properties of the MP-LDD framework. In particular, future work should include tracking of
the total mass or volume of each phase throughout the simulation and reporting the corre-
sponding relative conservation error as a function of time. Such analysis would provide a
clearer measure of long-time conservation behaviour and would complement the qualitative
interface comparisons presented in the current study.

Further verification should also address interfacial accuracy and consistency more di-

190



Chapter 9: CONCLUSION AND FUTURE WORK

rectly. This includes assessment of the accuracy of interface location, evaluation of second-
order consistency in the vicinity of phase boundaries, and extension of the validation cam-
paign to a broader class of benchmark problems with well-defined reference solutions. These
steps would strengthen the numerical foundations of the method and help clarify its range of
accuracy across different multiphase regimes.

9.2.2 Capillary and Wetting-Scale Validation

While the present surface tension and dynamic contact angle formulations produce physi-
cally reasonable results in the cases examined, additional capillary-scale verification is still
required. Future work should therefore include quantitative assessment of parasitic currents,
more rigorous validation of the dynamic contact angle model against reference wetting data,
and systematic examination of interface behaviour in strongly capillary-dominated flows.

A related requirement is the study of capillary time-step restrictions and their interaction
with adaptive time stepping. Such analysis would help establish practical stability and ac-
curacy limits for simulations involving small length scales, rapid interface motion, or strong
curvature effects. These developments would substantially improve confidence in the frame-
work for coating, microfluidic, and free-surface capillary applications.

9.2.3 Fluid–Structure Interaction Enhancements

The present FSI formulation is based on a staggered partitioned coupling strategy and trans-
fers pressure loading from the fluid to the structure. Although the benchmark cases exam-
ined in this thesis were computed stably within the investigated parameter range, no general
stability analysis is claimed. In particular, staggered partitioned schemes are known to be po-
tentially sensitive to added-mass effects when fluid inertia becomes comparable to structural
inertia, and a broader assessment of stability limits remains necessary.

Future work should therefore include a systematic investigation of coupling stability
in strongly added-mass-dominated regimes, together with evaluation of suitable mitigation
strategies such as sub-iterations, interface relaxation, or more strongly coupled partitioned
procedures. In addition, the present coupling transfers only normal pressure loading, whereas
viscous shear transfer has not yet been incorporated. Inclusion of tangential fluid traction
constitutes a natural extension of the framework and would improve predictive accuracy for
problems in which wall shear and viscous structural loading are important.

9.2.4 Three-Dimensional and Large-Scale Applications

The validation studies in this thesis have been carried out primarily in two dimensions. Al-
though the governing formulations are not restricted to two-dimensional settings, full three-
dimensional implementation and verification remain an essential next step. This is particu-
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larly important because many physically important phenomena, including vortex stretching,
three-dimensional ligament breakup, droplet coalescence, and complex interface reconnec-
tion, cannot be represented fully in two dimensions.

Future work should therefore extend the multiphase, phase-change, wetting, and FSI
capabilities of the framework to fully three-dimensional configurations. This would open
the way to large-scale simulations of realistic engineering systems such as sloshing in LNG
tanks, offshore hydrodynamics, boiling and condensation devices, casting processes, and
thermally driven multiphase flows in energy systems.

9.2.5 Thermal and Phase-Change Extensions

The current framework already incorporates thermal transport and phase-change capability,
but further development is possible for strongly nonlinear problems. In particular, more
tightly coupled formulations for latent heat release and phase evolution may improve robust-
ness in cases involving large heat fluxes, rapid melting or solidification, or strongly moving
phase boundaries. Future research should therefore consider fully implicit nonlinear en-
thalpy formulations, tighter iterative coupling between temperature and phase fraction, and
adaptive time-stepping strategies tailored to phase-transition dynamics.

An additional extension of clear practical relevance is the incorporation of temperature-
dependent surface tension and Marangoni effects. Surface tension gradients can induce
strong tangential interfacial stresses and fundamentally alter interface motion in boiling,
welding, crystal growth, and microscale heat-transfer processes. Inclusion of these mech-
anisms would significantly broaden the applicability of the framework to thermocapillary
flow problems.

9.2.6 Wetting and Contact-Line Physics

Although a dynamic contact angle model has been implemented successfully, further refine-
ment of wall–interface physics remains an important area for development. Real wetting
behaviour often depends on contact angle hysteresis, surface heterogeneity, roughness, and
microscopic contact-line dissipation, none of which are yet represented in a fully general
manner in the present work.

Future developments may therefore include physically based contact-line friction mod-
els, wall-energy or disjoining-pressure formulations, and improved treatment of advancing
and receding contact angles. Such additions would enhance the predictive capability of the
framework for capillary rise, coating flows, droplet spreading, and microfluidic systems.
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9.2.7 Adaptive Resolution and Computational Performance

As the complexity of target applications increases, improved computational efficiency will
become increasingly important. One promising direction is adaptive resolution, in which
computational points are refined dynamically near interfaces, regions of high curvature, or
zones of strong velocity, pressure, or thermal gradients. This would allow the method to
maintain accuracy where needed while reducing cost in smoother parts of the domain.

Further work is also warranted in high-performance implementation. In particular, multi-
GPU strategies, hybrid parallelization, and memory-efficient data structures could substan-
tially improve scalability for large three-dimensional problems. Benchmarking against es-
tablished grid-based solvers would also be valuable in order to quantify both the computa-
tional efficiency and the practical advantages of the MP-LDD framework across representa-
tive classes of multiphysics flow problems.

Final Perspective

The MP-LDD framework developed in this thesis demonstrates the potential of a meshless
Lagrangian approach for coupled multiphysics simulation. By combining multiphase flow,
surface tension, wetting dynamics, phase change, and fluid–structure interaction within a
unified formulation, it provides a flexible basis for the analysis of complex interfacial and
coupled physical processes. With further verification, extension to three-dimensional and
large-scale problems, incorporation of more advanced interfacial physics, and continued de-
velopment of stronger coupling strategies and computational efficiency, the MP-LDD frame-
work has the potential to evolve into a robust and versatile tool for challenging engineering
applications.
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[42] J. Bašić, B. Blagojević, M. Andrun and N. Degiuli, A lagrangian finite difference
method for sloshing: Simulations and comparison with experiments, Proceedings of
The 29th International Ocean and Polar Engineering Conference, International Soci-
ety of Offshore and Polar Engineers, Honolulu, Hawaii, USA, 2019.
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